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Polariton and photon condensation
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suitable spatial profile on the cavity33,143–145. Interactions 
can also be used to control the polariton flow in polari-
tonic circuits. For instance, an all-optical transistor-like 
switch was realized in REFS146,147. A related mechanism 
was exploited to control the polariton phase in an 
interferometer148 or the polariton resonant tunnelling 
through a discrete state149.

As for the case of exciton condensates, a complete 
description of the polariton condensate physics requires 
the inclusion of spin degrees of freedom150. In this case, 

since dark exciton states do not couple to the cavity 
mode, the strong exciton–photon coupling automatically 
selects only two spin components, Jz = ±1. The presence 
of transverse electric–transverse magnetic splitting 
for the cavity mode results in a spin–orbit coupling, 
which induces a polarization precession in propagating 
polariton condensates, known as the optical spin Hall 
effect151–153 (FIG. 4e). In micropillar arrays, the polari-
zation dependence of the hopping amplitude favours 
condensation in modes with a specific polarization 

x (μm) x (μm)

–10–1

–10

–5
0

0 5

5

–5

10

10

y 
(μ

m
)

0.3Pth 1.9Pthr

–10–1

–10

–5
0

0 5

5

–5

10

10

x (μm) x (μm)

–10–1

–10

–5
0

0 5

5

–5

10

100.3Pthr 1.9Pth

–10–1

–10

–5
0

0 5

5

–5

10

10

100 μm

CW pump

PL

Membrane

Pulsed gate

a

b

c

e f

d

0 0.5 1 1.5

102

101

100

10–1

10–2

E(kII��Ũ�E0 (meV)

kII (μm–1)

δ���Ũ��OG8

E(kII��Ũ�E0 (meV)

δ = 0 meV

En
er

gy
 (e

V
)

En
er

gy
 (e

V
)

0 30–30–60 60

1.72
–10 –5 0 5 10 15

1.71

1.77

1.76

1.70

1.69

1.68

1.67

Photon

Emission

θ (°)

Exciton

Upper polariton

Lower polariton

1.464

1.460

1.456

1.452
0 1 2 3

Laser

4 5

En
er

gy
 (e

V
)

Wave vector (104 cm–1)

106

10–1

100

101

102

103

104

105

Signal

Laser

1.456 1.4581.452 1.454
Energy (eV)

PL
 (a

.u
.)

N
 (E

)

N
 (E

)

0 0.5 1 1.5

102

101

100

10–1

10–2

250 μm

ky kx

S↑ S↓

Short pulse train

Time (μs)

P

20

10

0

10

20

400 80 120

Excitation
resonant
with lower
polariton
branch at 15.5°

In
te

ns
it

y 
(a

.u
.)

Correlation (%) Correlation (%)

0 23 46 0 25 50 75

x
y

z

Relaxation

y 
(μ

m
)

QW free carrier states

Continuous wave
Ti-sapphire
1,768 meV
d = 35 μm spot

NATURE REVIEWS | PHYSICS

REV IEWS

  VOLUME 4 | JULY 2022 | 477

Kasprzak et al. Nature 2006

01
23

45
67

89
()

;: 

|r
| (
μm

–1
)

(CT�ȮGNF�KPVGPUKV[

0
0.

5
1

k c

1.
0

0.
8

0.
6

0.
4

0.
2 0

a b c
d

.K
IJ
V�R
QY

GT

.Q
UU
�
ε

)
.Q
UU
�
ε

)

2Q
RW
NC
VK
QP

2Q
RW
NC
VK
QP

/
QF
WN
CV
KQ
P�
→
�NQ
UU
�VT
CR

η 
= 

2 
 

/
QF
WN
CV
KQ
P�
→
�NQ
UU
�VT
CR

η 
= 

1/
2 

 

.C
UG
T�E
CX
KV
[�

L

)

5KIPCN�
C�W��

0.
18

0.
31

0.
53

1.
0 

1.
3

1.
8

3.
4

6.
8

14

λ 

P
O
�

56
5

57
0

57
5

58
0

58
5

10
1

10
–1

10
0

–1
00

 μ
m

 
10

0 
μm

 
0

–1
00

 μ
m

 
10

0 
μm

 
0

.K
IJ
V�R
QY

GT

.C
UG
T�E
CX
KV
[�

L

)

|r
| (
μm

)

0GCT�ȮGNF�KPVGPUKV[

+P
VG
PU
KV
[�

C
�W
��

V
(x

, y
)

x

2W
O
R�
DG
CO

/
KT
TQ
T

%
CO

GT
C�

UR
GE
VT
QO

GV
GT

z 
= 

0.
2 

m
z 

= 
0.

3 
m

z 
= 

0.
7 

m

z 
= 

0.
9 

m
z 

= 
1.

5 
m

z 
= 

12
 m

1.
0

0.
2 0

0
10

20

0.
8

0.
6

0.
4

0.
2

0

R

0.
4

1.
0

0.
5

01.
0

0.
5

0

× 
P E

�G
ZR

&
[G

Fi
g.

 2
 |  B

os
e–

Ei
ns

te
in

 c
on

de
ns

at
io

n 
of

 p
ho

to
ns

. a
 |  P

ho
to

n 
co

nd
en

sa
tio

n 
in

 
an

 o
pt

ic
al

 c
av

it
y 

fil
le

d 
w

it
h 

a 
dy

e 
so

lu
ti

on
. S

ch
em

e 
of

 th
e 

se
t-

up
 (l

ef
t)

; 
w

av
el

en
gt

h 
di

st
rib

ut
io

n 
of

 th
e 

em
iss

io
n 

fo
r d

iff
er

en
t p

um
p 

st
re

ng
th

s (
ce

nt
re

), 
sh

ow
in

g 
th

e 
ap

pe
ar

an
ce

 o
f a

 B
os

e–
Ei

ns
te

in
 c

on
de

ns
at

io
n 

pe
ak

 a
t l

on
g 

w
av

el
en

gt
hs

 fo
r s

tr
on

g 
en

ou
gh

 p
um

p 
in

te
ns

ity
; s

pa
tia

l p
ro

fil
e 

of
 th

e 
em

iss
io

n 
fo

r w
ea

k 
(to

p 
rig

ht
) a

nd
 st

ro
ng

 (b
ot

to
m

 ri
gh

t) 
pu

m
p 

in
te

ns
iti

es
. I

n 
th

is
 la

st
 

pl
ot

, t
he

 B
os

e–
Ei

ns
te

in
 c

on
de

ns
at

io
n 

is 
vi

sib
le

 a
s a

 n
ar

ro
w

 ye
llo

w
 p

ea
k a

t t
he

 
ce

nt
re

 o
f t

he
 d

is
tr

ib
ut

io
n.

 b
 |  

Ph
ot

on
 c

on
de

ns
at

io
n 

in
 a

 m
od

e-
lo

ck
ed

 
er

bi
um

-d
op

ed
 fi

br
e 

la
se

r. 
H

er
e,

 th
e 

ro
le

 o
f t

he
 d

iff
er

en
t m

od
es

 o
f a

 c
av

ity
 is

 
pl

ay
ed

 b
y 

th
e 

di
ffe

re
nt

 p
ul

se
s (

ye
llo

w
 a

re
as

), 
w

ho
se

 re
la

tiv
e 

lo
ss

es
 c

an
 b

e 
co

nt
ro

lle
d 

vi
a 

th
e 

de
ta

ils
 o

f t
he

 m
od

e-
lo

ck
in

g 
m

od
ul

at
io

n 
(re

d 
lin

es
). 

W
hi

le
 

fo
r a

 la
rg

e 
η =

 2
 lo

ss
 e

xp
on

en
t t

he
 in

te
ns

it
y 

(b
lu

e 
hi

st
og

ra
m

s)
 s

m
oo

th
ly

 
di

st
rib

ut
es

 a
m

on
g 

m
an

y 
pu

ls
es

 (l
ef

t),
 fo

r s
m

al
l η

 = 
1/

2,
 c

on
de

ns
at

io
n 

of
 th

e 
in

te
ns

ity
 in

to
 a

 si
ng

le
 p

ul
se

 is
 o

bs
er

ve
d 

(ri
gh

t).
 c

 |  S
el

f-
cl

ea
ni

ng
 o

f a
 c

la
ss

ic
al

 

lig
ht

 w
av

e 
pr

op
ag

at
in

g 
al

on
g 

a 
no

n-
lin

ea
r g

ra
de

d-
in

de
x 

w
av

eg
ui

de
. T

he
 

di
ffe

re
nt

 p
an

el
s s

ho
w

 a
 se

qu
en

ce
 o

f s
pa

tia
l i

nt
en

si
ty

 p
ro

fil
es

 ta
ke

n 
af

te
r 

di
ffe

re
nt

 p
ro

pa
ga

tio
n 

di
st

an
ce

s. 
Sc

al
e 

ba
r: 

10
 μ

m
. d

 |  
Th

er
m

al
iz

at
io

n 
an

d 
co

nd
en

sa
tio

n 
of

 c
la

ss
ic

al
 li

gh
t w

av
es

: n
ea

r-
fie

ld
 (t

op
) a

nd
 fa

r-
fie

ld
 (b

ot
to

m
) 

pr
of

ile
s o

f t
he

 th
er

m
al

iz
ed

 b
ea

m
 a

t t
he

 o
ut

pu
t o

f t
he

 w
av

eg
ui

de
, d

isp
la

yi
ng

 
a 

si
ze

ab
ly

 o
cc

up
ie

d 
co

nd
en

sa
te

. T
he

 d
as

he
d 

re
d 

lin
es

 a
re

 th
e 

th
eo

re
tic

al
 

pr
ed

ic
tio

ns
 o

f t
he

 R
ay

le
ig

h–
Je

an
s 

di
st

rib
ut

io
n,

 to
 b

e 
co

m
pa

re
d 

w
ith

 th
e 

ex
pe

ri
m

en
ta

l m
ea

su
re

m
en

ts
 s

ho
w

n 
as

 b
lu

e 
lin

es
; t

he
 y

el
lo

w
 a

nd
 g

re
y 

sh
ad

in
gs

 in
di

ca
te

 th
e 

co
nt

rib
ut

io
ns

 o
f t

he
 c

on
de

ns
at

e 
an

d 
of

 th
e 

th
er

m
al

 
cl

ou
d,

 re
sp

ec
tiv

el
y;

 th
e 

gr
ee

n 
lin

es
 sh

ow
 th

e 
no

n-
th

er
m

al
 d

ist
rib

ut
io

ns
 in

 th
e 

in
ci

de
nt

 fi
el

d 
at

 th
e 

en
tr

an
ce

 o
f t

he
 w

av
eg

ui
de

. P
an

el
 a

 a
da

pt
ed

 w
it

h 
pe

rm
iss

io
n 

fro
m

 R
EF
.13

, S
pr

in
ge

r N
at

ur
e 

Lt
d.

 Pa
ne

l b
 a

da
pt

ed
 w

ith
 p

er
m

iss
io

n 
fro

m
 R
EF
.12

, O
pt

ic
a 

Pu
bl

is
hi

ng
 G

ro
up

. P
an

el
 c

 a
da

pt
ed

 w
ith

 p
er

m
is

si
on

 fr
om

 
RE

F.
10

, S
pr

in
ge

r N
at

ur
e 

Lt
d.

 Pa
ne

l d
 a

da
pt

ed
 w

ith
 p

er
m

iss
io

n 
fro

m
 R
EF
.11

, A
PS

.

w
w

w
.n

at
ur

e.
co

m
/n

at
re

vp
hy

s

R
E
V
IE

W
S

47
4 

|  J
U

LY
 2

02
2 

|  V
O

LU
M

E
 4

 

LETTER
doi:10.1038/nature09567

Bose–Einstein condensation of photons in
an optical microcavity
Jan Klaers, Julian Schmitt, Frank Vewinger & Martin Weitz

Bose–Einstein condensation (BEC)—the macroscopic ground-
state accumulation of particles with integer spin (bosons) at low
temperature and high density—has been observed in several physical
systems1–9, including cold atomicgases and solid-state quasiparticles.
However, themost omnipresentBose gas, blackbody radiation (radi-
ation in thermal equilibriumwith the cavitywalls) doesnot show this
phase transition. In such systems photons have a vanishing chemical
potential, meaning that their number is not conserved when the
temperature of the photon gas is varied10; at low temperatures,
photons disappear in the cavity walls instead of occupying the cavity
ground state. Theoretical works have considered thermalization
processes that conserve photon number (a prerequisite for BEC),
involving Compton scattering with a gas of thermal electrons11 or
photon–photon scattering in a nonlinear resonator configura-
tion12,13. Number-conserving thermalization was experimentally
observed14 for a two-dimensional photon gas in a dye-filled optical
microcavity, which acts as a ‘white-wall’ box. Here we report the
observationof aBose–Einstein condensateof photons in this system.
The cavity mirrors provide both a confining potential and a non-
vanishing effective photon mass, making the system formally equi-
valent to a two-dimensional gas of trapped, massive bosons. The
photons thermalize to the temperature of the dye solution (room
temperature) by multiple scattering with the dye molecules. Upon
increasing the photon density, we observe the following BEC signa-
tures: the photon energies have a Bose–Einstein distribution with a
massively populated ground-state mode on top of a broad thermal
wing; the phase transition occurs at the expected photon density and
exhibits the predicted dependence on cavity geometry; and the
ground-statemode emerges even for a spatially displacedpumpspot.
The prospects of the observed effects include studies of extremely
weakly interacting low-dimensional Bose gases9 and new coherent
ultraviolet sources15.

Fifty years ago, the invention of the laser provided us with a source
of coherent light. In a laser, optical gain is achieved under conditions
where both the state of the gain medium and the state of the light field
are far removed from thermal equilibrium16. The realization of a light
source with a macroscopically populated photon mode that is not the
consequence of a laser-like gain, but is rather due to an equilibrium
phase transition of photons has so far been prevented by the lack of a
suitable number-conserving thermalization process17. For strongly
coupled mixed states of photons and excitons (exciton polaritons), a
thermalization process induced by interparticle interactions between
excitons has been reported to lead to a (quasi-)equilibrium BEC of
polaritons5–7. In the present work, rapid decoherence due to frequent
collisions of dye molecules with the solvent prevents coherent energy
exchange between photons and dye molecules and therefore the con-
dition of strongmatter–field coupling is not met18,19. We can therefore
assume the relevant particles to be well described as photons instead of
polaritons.
Our experiment confines photons in a curved-mirror opticalmicro-

resonator filled with a dye solution, in which photons are repeatedly
absorbed and re-emitted by the dye molecules. The small distance of
3.5 optical wavelengths between the mirrors causes a large frequency
spacing between adjacent longitudinalmodes (the free spectral range is
7|1013 Hz), comparable with the spectral width of the dye (see
Fig. 1a), and modifies spontaneous emission such that the emission
of photons with a given longitudinal mode number, q5 7 in our case,
dominates over other emission processes. In this way, the longitudinal
mode number is frozen out and the remaining transverse modal
degrees of freedom make the photon gas effectively two-dimensional.
Moreover, the dispersion relation becomes quadratic (that is, non-
relativistic), as indicated in Fig. 1b, with the frequency of the q5 7
transverse ground mode (TEM00) acting as a low-frequency cut-off
with vcut-of f%2p | 5:1|1014 Hz. The curvature of the mirrors

Institut für Angewandte Physik, Universität Bonn, Wegelerstrasse 8, 53115 Bonn, Germany.
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Figure 1 | Cavitymode spectrum and set-up. a, Schematic spectrumof cavity
modes and (relative) absorption coefficient a(n) and fluorescence strength f(n)
of rhodamine 6G dye versus frequency n. Transverse modes belonging to the
manifold of longitudinal mode number q5 7 are shown by black lines, and
those of other longitudinal mode numbers in grey. The degeneracy of a given
transversal energy is indicated by the height of the bars.b, Dispersion relation of

photons in the cavity (solid line), with fixed longitudinalmode number (q5 7),
and the free photon dispersion (dashed line). c, Scheme of the experimental set-
up. The trapping potentialV(x,y) for the two-dimensional photon gas imposed
by the curved mirrors—see the third term in equation (2) of the Methods—is
indicated on the left hand side.
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Fig. 2 | Bose–Einstein condensation of photons. a | Photon condensation in 
an optical cavity filled with a dye solution. Scheme of the set-up (left); 
wavelength distribution of the emission for different pump strengths (centre), 
showing the appearance of a Bose–Einstein condensation peak at long 
wavelengths for strong enough pump intensity; spatial profile of the emission 
for weak (top right) and strong (bottom right) pump intensities. In this last 
plot, the Bose–Einstein condensation is visible as a narrow yellow peak at the 
centre of the distribution. b | Photon condensation in a mode-locked 
erbium-doped fibre laser. Here, the role of the different modes of a cavity is 
played by the different pulses (yellow areas), whose relative losses can be 
controlled via the details of the mode-locking modulation (red lines). While 
for a large η = 2 loss exponent the intensity (blue histograms) smoothly 
distributes among many pulses (left), for small η = 1/2, condensation of the 
intensity into a single pulse is observed (right). c | Self-cleaning of a classical 

light wave propagating along a non-linear graded-index waveguide. The 
different panels show a sequence of spatial intensity profiles taken after 
different propagation distances. Scale bar: 10 μm. d | Thermalization and 
condensation of classical light waves: near-field (top) and far-field (bottom) 
profiles of the thermalized beam at the output of the waveguide, displaying 
a sizeably occupied condensate. The dashed red lines are the theoretical 
predictions of the Rayleigh–Jeans distribution, to be compared with the 
experimental measurements shown as blue lines; the yellow and grey 
shadings indicate the contributions of the condensate and of the thermal 
cloud, respectively; the green lines show the non-thermal distributions in the 
incident field at the entrance of the waveguide. Panel a adapted with 
permission from REF.13, Springer Nature Ltd. Panel b adapted with permission 
from REF.12, Optica Publishing Group. Panel c adapted with permission from 
REF.10, Springer Nature Ltd. Panel d adapted with permission from REF.11, APS.
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Thermalization (photon condensates)

excited molecules

system

An
steady state n =

1
A
R − 1

dn
dt

= R(n + 1)−An
reabsorption

spontaneous emissionstimulated emission

(requires )A > R

thermal equilibrium

Rn R

A
R

= exp ( ϵ − μ
kBT )

detailed balance 

Kennard-Stepanov

Van Roosbroek-Shockley

Kubo-Martin-Schwinger

 equilibrium Bose-Einstein distribution⇒n =
1

exp ( ϵ − μ
kBT ) − 1



Reservoir dynamics

gain medium 
nR

system 
n

loss reservoir

Rn

nγ

P

RR ≡ R(nR)

dnR

dt
= − R(nR)(n + 1) − γRnR + P

dn
dt

= R(nR)(n + 1) − γn γRnR

P

n nR

R(nR) = γ

Pth
 thresholdlessγR → 0 :



Steady state (with sp. em.)

gain medium 
nR

system 
n

loss reservoir

Rn

nγ

P

RR ≡ R(nR)

dnR

dt
= − R(nR)(n + 1) − γRnR + P

P

n nR

R(nR) = γ

dn
dt

= R(nR)(n + 1) − γn

Pth

γRnR

 thresholdlessγR → 0 :

γ − R
R

=
1
n



In terms of amplitude
ψ = n eiθ

dψ
dt

=
1
2

(R − γ)ψ
dn
dt

= R(n+1) − γn⇒
spontaneous emission is a quantum effect

Quantum fluctuations can be introduced in a first approximation 
through stochastic term in the amplitude equation.



Henry phasor model

ψ

add unit phasor at rate of spont. em. (  )R

 Wiener noise when avg. over times ∼ ≫ 1/R

dψ = … + R/2 dW with  ⟨dW*dW⟩ = 2 dt

d⟨ |ψ |2 ⟩ = R(⟨ |ψ |2 ⟩+1) − γ⟨ |ψ |2 ⟩

C.Henry IEEE 18, 259 (1982)



Wigner formulation
Wigner quasi-probability distribution   PW(ψ, ψ*)

From operator correspondences (truncation when interacting)

dψ =
1
2

(R − γ)ψ +
R + γ

4
dW

Gives symmetrised quantum expectation values, e.g.

⟨ψ*ψ⟩W =
1
2

⟨ψ̂†ψ̂ + ψψ̂†⟩ = ⟨ψ̂†ψ̂⟩ +
1
2 1/2 quantum fluct. per mode

dψ = … + R/2 dWcf. Henry

ψ = (x + ip)/ 2



Phase diffusion (Shawlow-Townes)
ψ = n eiθdψ = [R( |ψ |2 ) − γ] ψ dt + R/2 dW

dθ =
R
2n

dWθ with  ⟨dWθ dWθ⟩ = dtabove threshold: 

no restoring force because of spontaneous symmetry breaking

phase diffusion: ⟨[θ(t) − θ(0)]2⟩ =
R
2n

t

first order coherence:   ⟨ψ*(t)ψ(0)⟩ ≈ n⟨e−i[θ(t)−θ(0)]⟩ = ne− 1
2 ⟨[θ(t)−θ(0)]2⟩ = e− R

4n |t|



Density fluctuations
•  constant   .


• Gain saturation reduces density fluctuations


• Expand:  
 

   with 


• Quasi-condensate:  : 

R → g(2) =
⟨a†a†aa⟩

n2
= 2

R(n0 + δn) ≈ R0 − R1δn,

g(2) = 1 +
1

1 +
n2

0

Meff

Meff =
R0

R1

nqc

n
= 2 − g(2) ψ = nqceiθ + ψ′￼

Svistunov, Babaev, Prokof’ev, Superfluid states of matter

dψ = [R( |ψ |2 ) − γ] ψ dt + R/2 dW



density fluctuations in phot. BEC

J. Schmitt et al. Phys. Rev. Lett. 112, 030401 (2012)

for phot. BEC: Meff ≈ Mexc

g(2) = 1 +
1

1 +
n2

0

Meff



Spatially extended systems

+g |ψ(x, t) |2+V(x) ψ(x, t)−
∇2

2m
ψ(x, t)

+
i
2

{R[nR(x, t)] − γ} ψ(x, t) +
R + γ
4Δx

ξ(x, t)

i
∂
∂t

ψ(x, t) = +gRnR(x, t) ψ(x, t)

0123456789();: 

suitable spatial profile on the cavity33,143–145. Interactions 
can also be used to control the polariton flow in polari-
tonic circuits. For instance, an all-optical transistor-like 
switch was realized in REFS146,147. A related mechanism 
was exploited to control the polariton phase in an 
interferometer148 or the polariton resonant tunnelling 
through a discrete state149.

As for the case of exciton condensates, a complete 
description of the polariton condensate physics requires 
the inclusion of spin degrees of freedom150. In this case, 

since dark exciton states do not couple to the cavity 
mode, the strong exciton–photon coupling automatically 
selects only two spin components, Jz = ±1. The presence 
of transverse electric–transverse magnetic splitting 
for the cavity mode results in a spin–orbit coupling, 
which induces a polarization precession in propagating 
polariton condensates, known as the optical spin Hall 
effect151–153 (FIG. 4e). In micropillar arrays, the polari-
zation dependence of the hopping amplitude favours 
condensation in modes with a specific polarization 
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Simulations vs experiment3
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Figure 2: Critical mode competition and density patterns in experiment (Left panels (A,B) and theoretical
modeling (Right panels (C,D)). Panels (B,D) are selected snapshots of the polariton density distributions, where
each column corresponds to a fixed pump power below (I column), near (II column) and well above (III column) the
condensation threshold. The exact P ⌜Pth for each column is indicated by the black circles in (A) and (C). In panel
(D), the single-realization density profiles are integrated in time after the system has reached the non-equilibrium
steady state with the integration period of ωint = 20ns.

densation threshold, the polariton population builds up
inside the trap. When the density becomes larger than
the critical density, stimulated scattering becomes signif-
icantly enhanced, giving rise to a condensate mode. Such
modes have been seen in previous experiments with pho-
tonic detuning [33–38], and resemble pure lasing modes
in vertical cavity, surface-emitting lasers (VCSELs) with
imposed circular symmetry [24–27].

As expected, near the onset of condensation, we ob-
serve strong density fluctuations. Some of these fluctu-
ations can be attributed to hopping of the condensate
between di!erent discrete eigenstates. Even though the
pump conditions are identical from one snapshot to the
next, the polariton gas near the threshold for condensa-
tion does not always condense to the same mode, but
rather switches between several distinguishable modes
as illustrated in Fig. S8(B), column II. Interestingly, al-
though each snapshot is the result of summing 42 images
from separate laser pulses, statistical clumping of certain
modes —in small samples of 42— is able to reproduce the

same mode switching e!ect (see Supplementary Informa-
tion for more details). Notably, unlike optical multista-
bility or bistability mechanisms, which can take place un-
der resonant excitations at higher pump powers [39, 40],
the critical fluctuations we see are only present at the
condensation threshold. Surprisingly, we find that the
time scale of the fluctuations is very long compared to
the intrinsic scattering time scale of the polaritons; fea-
tures are seen to di!er in images recorded with time in-
tegrations of 100 ms. This indicates that the system has
metastable telegraph-type switching between modes, as
have been seen for lasers [41–43]. Here, this corresponds
to the mode competition in the condensate formation
process. In equilibrium BEC, it is the ground state of the
system, which becomes macroscopically occupied. Since
our system is driven-dissipative, and out-of-equilibrium,
the process of the condensate formation is more complex.
Which mode wins out to condense depends on the subtle
interplay of gain and interactions e!ects. Eventually, as
the pump power is increased away from the condensation

H. Alnatah et al. Science advances 10, 6762 (2024)
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Bogoliubov excitation spectrum
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Figure 1: Experimental system and theoretical predictions. A, B Parametric oscillation
scheme. Pump polaritons  P (red) at kp ⇡ 1.25 µm�1 are converted into signal and idler
polariton condensates  S (purple) and  I (yellow) in the region near k ⇡ 0 and at large k,
respectively. C Coherent probe spectroscopy. A probe laser (blue arrow) of tunable angle and
frequency (kpr,!pr) scans around (kS,!S). Its transmission yields the real and imaginary parts
of the spectrum of elementary excitations. A phase fixing beam (green arrow) illuminating the
cavity at kpfb = kI is scanned in frequency !pfb around !I . When !pfb is close to !I , the idler’s
phase is fixed and the U(1) symmetry explicitly broken, leading to the disappearance of the NG
mode. D Real and imaginary parts of the dispersion of collective excitations of condensate  S

(numerical calculations). The NG mode is gapless !exc(kS)�!S = 0. The quadratic growth of
its imaginary part away from kS indicates a diffusive behavior. The real part displays a plateau
around kS: the tilt of the plateau is a consequence of the finite group-velocity vS of the signal
condensate at wavenumber kS = 0.11 µm�1.
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frequency (kpr,!pr) scans around (kS,!S). Its transmission yields the real and imaginary parts
of the spectrum of elementary excitations. A phase fixing beam (green arrow) illuminating the
cavity at kpfb = kI is scanned in frequency !pfb around !I . When !pfb is close to !I , the idler’s
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condensate at wavenumber kS = 0.11 µm�1.

16

Flaser

iℏ
∂ψ(x)

∂t
= −

ℏ2 ∇2

2m
ψ(x) + V(x)ψ(x) + g |ψ(x) |2 ψ(x) −

i
2

γψ(x)+FLaser eikLx−iωLt



OPO excitation spectrum
R

e(
ℏω

ex
c)

 - 
ℏω

S
 [m

eV
]

k - kS [μm-1]
-0.4-0.2

+0.2

0.40 -0.4 0.40

0

0

-45

-90 0

k [μm-1]

3x quantum wells
cavity mirrors

cavity mirrors

Pump (kP, ωP)

Signal (kS,ωs)
Idler (kI, ωI) -3 0 3+3

+4

+5

ℏω
 [m

eV
]

probe

transmitted probe

scan ωpr

scan ωpfb

scan kpr

C
phase fixing beam
(kpfb, ωpfb) 

ΨP

ΨI

ΨS

1480

k - kS [μm-1]

A B

D

Figure 1: Experimental system and theoretical predictions. A, B Parametric oscillation
scheme. Pump polaritons  P (red) at kp ⇡ 1.25 µm�1 are converted into signal and idler
polariton condensates  S (purple) and  I (yellow) in the region near k ⇡ 0 and at large k,
respectively. C Coherent probe spectroscopy. A probe laser (blue arrow) of tunable angle and
frequency (kpr,!pr) scans around (kS,!S). Its transmission yields the real and imaginary parts
of the spectrum of elementary excitations. A phase fixing beam (green arrow) illuminating the
cavity at kpfb = kI is scanned in frequency !pfb around !I . When !pfb is close to !I , the idler’s
phase is fixed and the U(1) symmetry explicitly broken, leading to the disappearance of the NG
mode. D Real and imaginary parts of the dispersion of collective excitations of condensate  S

(numerical calculations). The NG mode is gapless !exc(kS)�!S = 0. The quadratic growth of
its imaginary part away from kS indicates a diffusive behavior. The real part displays a plateau
around kS: the tilt of the plateau is a consequence of the finite group-velocity vS of the signal
condensate at wavenumber kS = 0.11 µm�1.

16

iℏ
∂ψ(x)

∂t
= −

ℏ2 ∇2

2m
ψ(x) + V(x)ψ(x) + g |ψ(x) |2 ψ(x) −

i
2

γψ(x) + FLaser eikLx−iωLt

ψ(x) = ψSeikSx−iωSt + ψPeikPx−iωLt + ψIeikIx−iωIt

ψS = ψ(0)
S + δψS(x, t), ψP = ψ(0)

P + δψP(x, t), ψI = ψ(0)
P + δψI(x, t)

MW and I. Carusotto, PRB 2007

 are complex  6 excitation branchesδψS,P,I ⇒

k

Re(ω)

k

Im(ω)

R
e(
ℏω

ex
c)

 - 
ℏω

S
 [m

eV
]

k - kS [μm-1]
-0.4-0.2

+0.2

0.40 -0.4 0.40

0

0

-45

-90 0

k [μm-1]

3x quantum wells
cavity mirrors

cavity mirrors

Pump (kP, ωP)

Signal (kS,ωs)
Idler (kI, ωI) -3 0 3+3

+4

+5

ℏω
 [m

eV
]

probe

transmitted probe

scan ωpr

scan ωpfb

scan kpr

C
phase fixing beam
(kpfb, ωpfb) 

ΨP

ΨI

ΨS

1480

k - kS [μm-1]

A B

D

Figure 1: Experimental system and theoretical predictions. A, B Parametric oscillation
scheme. Pump polaritons  P (red) at kp ⇡ 1.25 µm�1 are converted into signal and idler
polariton condensates  S (purple) and  I (yellow) in the region near k ⇡ 0 and at large k,
respectively. C Coherent probe spectroscopy. A probe laser (blue arrow) of tunable angle and
frequency (kpr,!pr) scans around (kS,!S). Its transmission yields the real and imaginary parts
of the spectrum of elementary excitations. A phase fixing beam (green arrow) illuminating the
cavity at kpfb = kI is scanned in frequency !pfb around !I . When !pfb is close to !I , the idler’s
phase is fixed and the U(1) symmetry explicitly broken, leading to the disappearance of the NG
mode. D Real and imaginary parts of the dispersion of collective excitations of condensate  S
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Figure 2: Spectrum of collective excitations for kS = 0.11 µm�1. A Color-plot of the nor-
malized probe transmission T/T0. B Cuts of the normalized probe transmission taken along the
vertical white dashed lines of A. C Spectrum of collective excitations (maxima of resonance
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Destroying the Goldstone mode
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Figure 3: Explicit symmetry breaking. A Color-plot of the normalised probe transmission
T/T0 for a probe at kpr = kS as a function of the frequency detuning between the phase fixing
beam and idler polaritons �I = !I � !pfb and the frequency detuning between the probe laser
and signal polaritons �S = !S � !pr. B Cuts of the normalized probe transmission T/T0

taken along the vertical white lines of A. Fixing the idler (and consequently the signal) phase
with a third laser on resonance (�I = 0) results in a broadening of the linewidth and a drop in
T/T0. This manifests the disappearance of the NG mode under explicit breaking of the phase
symmetry.
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Figure 1: Experimental system and theoretical predictions. A, B Parametric oscillation
scheme. Pump polaritons  P (red) at kp ⇡ 1.25 µm�1 are converted into signal and idler
polariton condensates  S (purple) and  I (yellow) in the region near k ⇡ 0 and at large k,
respectively. C Coherent probe spectroscopy. A probe laser (blue arrow) of tunable angle and
frequency (kpr,!pr) scans around (kS,!S). Its transmission yields the real and imaginary parts
of the spectrum of elementary excitations. A phase fixing beam (green arrow) illuminating the
cavity at kpfb = kI is scanned in frequency !pfb around !I . When !pfb is close to !I , the idler’s
phase is fixed and the U(1) symmetry explicitly broken, leading to the disappearance of the NG
mode. D Real and imaginary parts of the dispersion of collective excitations of condensate  S

(numerical calculations). The NG mode is gapless !exc(kS)�!S = 0. The quadratic growth of
its imaginary part away from kS indicates a diffusive behavior. The real part displays a plateau
around kS: the tilt of the plateau is a consequence of the finite group-velocity vS of the signal
condensate at wavenumber kS = 0.11 µm�1.
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• Stochastic classical field models for polariton and photon condensation
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Bogoliubov excitation spectrum
ψ = e−iω0t (ψ0 + uke−iωkt+ikx + vkeiωt−ikx) linearized eqs. of mot. in  and uk vk

Above threshold

k

Re(ω)

k

Im(ω)

−γ/2

Goldstone mode
+g |ψ(x, t) |2−

∇2

2m
ψ(x, t)

+
i
2

{R[nR(x, t)] − γ} ψ(x, t)+
R + γ
4Δx

ξ(x, t)

i
∂
∂t

ψ(x, t) = +gRnR(x, t) ψ(x, t)



Stochastic phase dynamics

dθ(x, t) = a∇2θ(x, t) dt +
R

2nΔx
dWθ(x) noisy diffusion equation

k

Re(ω)

k

Im(ω)

−γ/2



Stochastic phase dynamics

(compact) Edwards-Wilkinson (EW) model for stochastic interface growth

roughening by stochastic growth

smoothening by diffusion

dθ(x, t) = a∇2θ(x, t) dt +
R

2nΔx
dWθ(x) noisy diffusion equation



Phase correlations in EW (Bog.) approx.

dθ(x, t) = a∇2θ(x, t) dt +
R

2nΔx
dWθ(x)

reaches in the steady state the equilibrium distribution of

H[θ] = ∫ dDx
a
2

(∇θ)2 at temperature 

The Langevin equation

T =
R

4na

 The same correlation functions as in equilibrium systems⇒

Hohenberg and Halperin, RMP 1977



1D Phase correlator in Bogoliubov (EW) approx.

⟨(θ(x, t) − θ(0,t))2⟩ ∼ |x |

    ⇒ ⟨ψ*(x, t)ψ(0,t)⟩ ≈ ne− 1
2 ⟨[θ(x,t)−θ(0,t)]2⟩ ∼ e−|x|/ℓc

equal time

⟨(θ(x, t) − θ(x,0))2⟩ ∼ | t |

    ⇒ ⟨ψ*(x, t)ψ(x,0)⟩ ≈ ne− 1
2 ⟨[θ(x,t)−θ(x,0)]2⟩ ∼ e− | t | /τc

equal space



Spatiotemporal scaling

Cθ(x, t) = ⟨[θ(x, t) − θ(x + Δx, t + Δt)]2⟩ ∼ Δt2βF (y0
Δx

Δt1/z )

with 

        

F(y → 0) → cte

F(y → ∞) ∼ |y |2α
: roughening exponent


z:  dynamical exponent

: growth exponent


α

β = α/z
Cθ ∼ Δx2α

Cθ ∼ Δt2β

EW: 


       


  

α =
2 − d

2
β =

2 − d
4

z = 2



Long times: Schawlow-Townes diffusion

Finite system: mode quantization  crossover to 0D system at → t ≫ Δϵ

system sizes Nx ¼ 64, 256, 1024: The thick black line
shows − log gð1ÞðtÞ, while the red and cyan lines are linear
fits in the loglog scale of the plot. Keeping the same
observation window, for small system sizes the temporal
decay of the coherence gð1ÞðtÞ is mainly diffusive and
follows an exponential law [Fig. 1(a)]. For very large sizes
[Fig. 1(c)], the exponential Schawlow-Townes behavior is
pushed at very long times so that only the KPZ stretched
exponential gð1ÞðtÞ ∼ e−Bjtj

2=3
is clearly visible in the time

window displayed in the plot. An attempt to see the
xponents of both regimes on a single plot is shown in
the plot for an intermediate size shown in Fig. 1(b): While a
hint of them is visible, a complete separation of the two
regimes would require very large system sizes and very
long observation times, which is numerically very demand-
ing [57].
The KPZ scaling of gð1ÞðtÞ at intermediate times is a clear

indication of the crucial role of nonlinear coupling between
modes in determining the phase dynamics. While the
linearized Bogoliubov theory predicts the (qualitatively
correct) exponential form of the decay of coherence at long
times, it is natural to wonder whether the KPZ nonlinear
couplings are responsible for any quantitative deviation
of the coherence time from the Bogoliubov-Schawlow-
Townes prediction (16).
This issue is numerically investigated [58] in Fig. 2,

where we plot the numerical result for the coherence
time τc in one-dimensional arrays of increasing sizes for
two different values of the intersite coupling J ¼ 5γ
(blue) and J ¼ 0.5γ (cyan). To better highlight the
KPZ features, we normalize the coherence time to the
single-site Schawlow-Townes coherence time τST;1 ≡
τST=Nx¼ð2n0=DÞ. For all parameter choices, the

coherence time follows the Bogoliubov scaling propor-
tional to Nx until a certain critical size numerically compa-
tible with the scaling of l$ ∼ J4=7 given in Eq. (9), after
which its increase with Nx occurs at a much slower rate.

(a) (b) (c)

FIG. 1. Kardar-Parisi-Zhang to Schawlow-Townes crossover in the temporal coherence of finite, one-dimensional laser arrays. The
numerical prediction of Eq. (7) for the logarithm of the equal-space time correlation function − log gð1ÞðtÞ is plotted in loglog scale as a
function of time for increasing system sizesNx ¼ 64 (left),Nx ¼ 256 (middle), andNx ¼ 1024 (right). In all cases, lasing occurs around
klasx ¼ 0. For a given temporal window, the decay of the coherence is dominated by a Schawlow-Townes-like diffusion gð1ÞðtÞ ∼ e−Bjtj for
small sizes (a) and by the KPZ behavior gð1ÞðtÞ ∼ e−Bjtj

2=3
for large sizes (c). The crossover between the two regimes is visible for

intermediate sizes (b). The cyan and red lines are fits of log½− log gð1ÞðtÞ& with functions of the form 2β log jtjþ B0. Other system
parameters: J ¼ 0.5γ, P ¼ 2γ, nS ¼ 1000, and D ¼ γ.

FIG. 2. Scaling of the coherence time with system size Nx. The
coherence time τc is extracted from the long-time exponential
decay of coherence for different systems. Blue and cyan markers
refer to the one-dimensional, topologically trivial arrays of laser
resonators of Eq. (7) with different values of the intersite coupling
J ¼ 5γ and J ¼ 0.5γ, respectively. The red and orange markers
refer to the topological laser caseofEq. (20) for the same twovalues
ofJ. Foreachpoint, thevalueof the coherence time τc is normalized
toaneffectivesingle-site coherence time τST;1.For the1Darray, this
value is defined by the Schawlow-Townes formula (6). For the
topological 2D array, it is given by τST;1 ≡ τST=Nx, with τST being
the Bogoliubov-Schawlow-Townes prediction (32) that includes
the (small) Petermann correction.

IVAN AMELIO and IACOPO CARUSOTTO PHYS. REV. X 10, 041060 (2020)

041060-6

I. Amelio and I. Carusotto, PRX 10, 041060 (2020)

e−t/τ
e−(t/τ)2/3



Kardar-Parisi-Zhang
EW vertical interface growth

dθ = [a∇2θ ] dt +
R

2nΔx
dWθ

nonequilibrium, increases fluctuations

KPZ growth normal to surface

+λ(∇θ)2

M. Kardar et al. PRL 56, 889 (1986).



KPZ examples
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FIG. 1. Hydrodynamic transport in Heisenberg chains and schematic of the experimental system. (A) Dy-
namical exponents for finite-temperature Heisenberg chains. Whereas integrable systems typically display ballistic transport
(magnetized chains, � > 0), non-integrable systems are generically di↵usive (2D Heisenberg model, J? > 0). For unmagnetized
Heisenberg chains, transport is expected to fall into the KPZ universality class with a superdi↵usive exponent z = 3/2. (Inset)
By measuring polarization transfer P (t) across a domain wall, we directly observe these transport regimes: superdi↵usion in the
unmagnetized case (green), ballistic transport at finite net magnetization (blue), and di↵usion in 2D (orange). Exponents are
extracted by fitting P (t) / t1/z; for the ballistic case we additionally fit a vertical intercept to account for transient initial-time
dynamics. Error bars denote the standard deviation (s.d.) of the fit. (B) In each experimental run, we measure the spin states
of a Heisenberg chain (top) by removing one spin species (center) and imaging the atomic site occupation (bottom). (C) The
Heisenberg chains are realized in a 2D atomic Mott insulator (analysis region depicted) with controllable inter-chain coupling.
Our setup allows us to prepare domain walls with high purity ⌘ (left, center column) and low purity ⌘ (right). We measure the
time evolution of both |"i (top) and |#i (center, bottom row) atoms to extract the polarization transfer.

model with on-site interaction U and tunnel coupling t̃.
At unit filling and in the limit of strong interactions,
the direct tunneling between lattice sites is suppressed
and spin dynamics occur via second-order spin-exchange.
The system can be mapped to the spin-1/2 XXZ model
for |"i and |#i [35, 36], and, in one dimension (1D), is
described by the Hamiltonian

Ĥ = �J
X

j

⇣
Ŝx
j Ŝ

x
j+1 + Ŝy

j Ŝ
y
j+1 +�Ŝz

j Ŝ
z
j+1

⌘
, (1)

where � quantifies the interaction anisotropy and J =
4 t̃2/U characterizes the spin-exchange coupling. In our
system, the atomic scattering properties yield � ⇡ 1 and
the system maps to the isotropic ferromagnetic Heisen-
berg model [37].

We began our experiment by loading a spin-polarized
2D degenerate gas of approximately 2000 atoms into a
square optical lattice with a spacing of a = 532 nm. We
realized a homogeneous box potential over 50 ⇥ 22 sites
by additionally projecting light at a wavelength of 670 nm
with a digital micromirror device (DMD), preparing a
Mott insulator with a filling of n0 = 0.93(1) in this box
(see details in [37]). Local spin control was realized using
light at a wavelength of 787 nm on the DMD [38] to apply
a site-resolved di↵erential light shift between |"i and |#i;
subsequent microwave driving allows for local flips of the
spatially addressed spins.

Such quantum control enabled us to prepare spin do-
main walls [14, 15, 39, 40] by spatially addressing half the
system. Subsequently, we prepared high-entropy states

by globally rotating the spins away from the Sz-axis
using a resonant microwave pulse and then locally de-
phasing them by projecting a site-to-site random spin-
dependent potential, which we modified from shot to
shot [37] (Fig. 1C). More precisely, our experiments fo-
cused on tracking spin dynamics starting from a class of
initial states comprising a spin domain wall with mag-
netization di↵erence 2⌘ in the middle of the spin chain:
i.e., one half of the system has magnetization ⌘ and the
other half of the system has magnetization �⌘. In the
infinite-temperature limit, ⌘ ! 0, the relaxation of such
states yields linear response transport coe�cients, as the
derivative of the spin profile is precisely the dynamical
spin structure factor [14, 15].

In order to probe 1D spin dynamics in our system,
we rapidly quenched the lattice depth along 1D tubes
comprising 50 sites, which suddenly increased the spin-
exchange coupling from zero to J/~ = 64(1) s�1. After
tracking the spin dynamics for up to ⇠ 45 spin-exchange
times ⌧ = ~/J , we removed one spin component and mea-
sured the remaining occupation via fluorescence imaging
(Fig. 1B).

Superdi↵usive spin transport

To explore the nature of anomalous spin transport in
the 1D Heisenberg model, we initialize the spins in a
high-entropy domain-wall state with ⌘ = 0.22. We char-
acterize the subsequent spin transport by measuring the

D. Wei et al. Science Vol 376, pp. 716-720 (2022).
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(a) proliferating cancer cells (b) particle deposition in suspension droplet

flow

x

h(x,t)
δh

Figure 1: Experimental examples of growing interfaces. (a) Front evolution of cancer cell colonies (“HeLa cells” from human cervix cancer)
cultured in Petri dishes [24]. Here the colonies are two-dimensional, so that the interfaces are one-dimensional, and they grow because of the
division of cancer cells. The 1D KPZ exponents were found [24]. Similar growth was also observed with Vero cells (from African Green Monkey
kidney), which are not tumorigenic but invasive [25, 26]. (b) Deposition of spherical colloid particles onto the edge of a suspension droplet, during
its evaporation process [27]. Fluid flows outward because of capillary e↵ect, carrying colloids and leaving them at the droplet edge. The 1D
KPZ exponents were observed when slightly elongated particles were used [28]. Reprints with permission from [24](a) and [27](b) with some
adaptations. The axes and the arrows, as well as the associated labels, are added by the present author. The displayed amplitudes of �h are only
schematic.

The aim of these lecture notes is to tempt non-specialists into this rapidly evolving field around the KPZ class. It is
not a review of recent mathematical approaches nor a technical guide to solve the problems, for which the readers are
referred to more appropriate reviews [14, 15, 17, 18] and references therein. Instead, it is intended to provide useful
information for non-specialist physicists to join the game, in a brief but self-contained manner: how the KPZ class is
linked to various problems, what the main outcomes and implications for physicists are, and what kind of intuitions
we can use, from the limited view of an experimentalist admirer and user of those mathematical developments.

These lecture notes are organized as follows. Section 2 describes what kind of interfaces we deal with, on the
basis of some experimental observations. Section 3 introduces continuum equations and their associated universality
classes, including the KPZ equation and the KPZ class, and review their basic properties. Properties of the KPZ
equation are further described in Sec. 4. Sections 5 and 6 illustrate some exact results for the 1D KPZ class, focusing
on the distribution of interface fluctuations. Section 7 reviews experimental observations of growing interfaces in
turbulent liquid crystal, to be compared with the exact results described in the preceding sections. In Sec. 8 we briefly
discuss the situation in higher dimensions. Section 9 provides brief concluding remarks.

2. Examples of quiescent and growing interfaces

The surface of water at rest is a symbol of something flat and smooth. Indeed, according to the capillary wave
theory [22], which accounts for thermal excitations of such a free interface between two fluid phases, the amplitude of
fluctuations under gravity is in the order of

p
kBT/� with the Boltzmann constant kB, temperature T , and interfacial

tension �. For molecular fluids, it is usually shorter than 1 nm [22, 23]; therefore, the interface is su�ciently smooth
when observed at macroscopic length scales. But what happens if one of the phases is more stable than the other,
hence taking over the region of the metastable state? What happens if one of the phases is solid and molecules are
deposited on it one after another, such as in thin film growth? What happens if there is an aggregate of particles that
can replicate themselves, such as living cells? Or, conversely, what happens if particles are being removed from the
surface of the aggregate? In all such cases the interface (or the edge of the aggregate) will move in either direction,
typically with fluctuations growing in time.

Let’s see some examples. Figure 1(a) shows snapshots of colonies of human cancer cells (HeLa), cultured in

2

500 µm

10 sec 20 sec 30 sec

10 sec 30 sec 50 sec

(b) circular interface

(c) flat interface

DSM1

DSM2

DSM1

(a)

DSM2

DSM1

Figure 13: (a) Sketch of the DSM2 state which consists of topological defects, specifically disclination lines, in the nematic director field. Such
defects are absent in the DSM1 state. (b,c) Snapshots of growing DSM2 clusters under homeotropic alignment. The growth was triggered by
shooting laser pulses, either to a point or to a line, hence generating circular (b) and flat (c) interfaces, respectively [21]. Time is measured from
the emission of laser pulses. Reprints with permission from [21] with some adaptations.

of kinetic roughening of interfaces. Observations suggest that topological defects are stretched, multiplied (through
broken alignment anchoring at the glass surfaces), and randomly transported by local turbulent flow, which result in
random growth of DSM2 in macroscopic scales. The interactions are expected to be short-ranged, because DSM2 is
a regime of spatiotemporal chaos31, where correlation of flow fluctuations decays exponentially in space and time.

To work with the simplest situation of isotropic growth, Takeuchi and Sano [19–21] chose to use the so-called
homeotropic alignment, where surface alignment of liquid crystal is perpendicular to the glass surfaces. They also
decided not to rely on spontaneous DSM2 nucleation, but rather to trigger it, by shooting ultraviolet laser pulses.
Figure 13(b) shows a DSM2 interface, generated by pulses shot to a central point of the system, hence the interface
is circular. Moreover, by expanding the laser beam in one direction, they also shot pulses along a line, which then
generates a flat interface (Fig. 13(c)). This ability to change the interface geometry is important to test the theoretical
hypothesis on the existence of di↵erent universality subclasses. With the help of accurate temperature control, the
authors were able to obtain 955 circular and 1128 flat interfaces under practically the same experimental conditions
[21]. Then they defined the height h(x, t) as illustrated in Fig. 13(b,c). For the circular case, h(x, t) was chosen to be
the local radius of the interface. In this way, one can use data at all angular positions to evaluate statistical quantities,
whereas the actual spatial coordinate is the azimuth ✓ (Fig. 13(b)). In the following, however, x is still used as the
coordinate, which is formally converted by x = hhi✓. Then it turned out that the Family-Vicsek scaling (1) was
accurately confirmed for both circular and flat interfaces, with the exponents ↵, �, z in agreement with the 1D KPZ
class [19–21].

7.2. Distribution
With the data obtained thereby, the authors first measured the scaling exponents and found agreement with the

1D KPZ class. Then they measured the skewness Sk(h) = hh3
ic/hh2

i
3/2
c and kurtosis Ku(h) = hh4

ic/hh2
i

2
c , which

do not require estimation of the scaling coe�cients. Significant di↵erences were found between the circular and
flat interfaces, which were moreover in agreement with the values of the GUE and GOE Tracy-Widom distributions,
respectively (Fig. 14(a)). The circular and flat interfaces indeed show di↵erent fluctuation properties.

31 One can roughly estimate the Reynolds number for the DSM turbulence at Re ⇡ 10�6
⌧ 1, using tens of micrometers as typical length

scale, tens of micrometers per second as velocity scale, and known values of viscosities of nematic liquid crystal used here, namely MBBA [111].
Therefore, DSM2 is by no means a fully developed turbulence which would have long-ranged correlation.
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Cancer cells

Liquid crystal interface

Ultracold atoms

M.A.C.Huergo et al., Phys. Rev. E 85 (2012) 011918.  

 K. A. Takeuchi, M. Sano, J. Stat. Phys. 147 (2012) 853  

Paper combustion

function. Using this warping function, corrections were made
into the position data of the individual cameras before join-
ing them. A series of typical fronts from the experiments are
shown in Fig. 2.
Improvements in data acquisition and introduction of the

three-camera setup increased the temporal and spatial reso-
lution of the equipment. For a 390-mm-wide and 500-mm-
long paper sample, when the distance between the sample
and the cameras was 70 mm, the instantaneous recorded area
was 310!74 mm2, and the pixel size was 0.135 mm. This
was an order of magnitude below the maximum typical
length scale related to areal mass variations in the paper
samples, a few millimeters. It was also of the same order of
magnitude, actually a bit smaller than the average width of
the burning area in the combustion fronts, which sets the
lower limit to details that can be detected. The maximum
scanning frequency of the camera system was 10 frames per
second. Since the average velocity of the fronts for the copier
paper used in the present experiments was approximately 0.5
mm/s, it was sufficient to store only every second frame of
the digitized fronts. During one time step, !t"0.2 s, the
front propagated less than one pixel length. For the lens pa-
per we had to slightly modify our experimental setup.
Needles in paper holder were not suitable for attaching the
thin paper, instead metallic bars were used on both sides.
Combustion fronts were ignited from the bottom and every
successive front was recorded because of their much higher
average velocity "6–8 mm/s# compared to those in copier
papers and, as noted already above, for the lens-paper
samples we used no forced ventilation in the chamber. This
kind of setup was similar to that in the early experiments
reported in $16%.

III. SAMPLES

The experiments were done using two different, easily
available grades of copier paper, with basis weights of
70 gm#2 and 80 gm#2, and very thin lens paper with a
basis weight of 9.1 gm#2 $26%. It is important to realize that
the composition of the paper has an impact on the propaga-
tion of the combustion front. Slow-combustion fronts do not
easily propagate in a material made of pure cellulose fibers

only, because of their very low conductivity of heat. In nor-
mal copier papers approximately one-fourth of the basis
weight is composed of fillers. In our case, the fillers in both
grades of copier paper were mostly calcium carbonate
(CaCO3) with a high heat capacity, in comparison with cel-
lulose, which improved the propagation of combustion
fronts. In addition, potassium nitrate (KNO3) was added as
an oxygen source to all grades of paper to ensure a uniform
propagation of slow-combustion fronts. The concentration of
KNO3 in the samples was kept at a value of approximately
0.8 gm#2. Potassium nitrate was usually added by embed-
ding the samples in an aqueous solution of KNO3 for 5 min,
after which they were dried in a press to maintain their pla-
nar shape. Due to the lower basis weight and much more
porous structure of lens paper, drying of KNO3 solution was
not homogeneous over the sample, leading to an inhomoge-
neous concentration distribution of KNO3. This would have
a significant effect on the experiments, as will be discussed
later. To avoid such problems, KNO3 was added to lens-
paper samples by spraying.
A second potential problem with paper samples is that it

has been shown $27% that, especially for low basis-weight
laboratory paper sheets, there may exist nontrivial power-law
correlations in the basis weight that may extend up to about
15 times the fiber length, i.e., into the centimeter range. As it
is well known $28% that correlated noise affects the scaling
behavior of kinetic roughening, maps of the local mass varia-
tions were prepared for both grades of copier paper before
and after the KNO3 treatment. These & radiographs were
taken from paper samples of size 170!90 mm2 using spa-
tial resolution of 0.04 mm. For the lens paper we used opti-
cally scanned images to estimate the local mass variations. In
addition, we measured the calcium and potassium concentra-
tion distributions in several layers of the same samples using
the laser-ablation method $29% with a spatial depth resolution
of 0.2 mm.
The radiographs of the copier paper samples were ana-

lyzed using the two-point density fluctuation correlation
function

Cm"r! #"'$m"x! ##m̄%$m"x!$r! ##m̄%( , "7#

where m(x! ) is the local areal mass or the local basis weight,
m̄ its average, and brackets denote an average over the
sample. The results in Fig. 3 show that in both cases, after a
distance of about 1 mm, a faster than algebraic "power-law#
decay of correlations can be seen. This is in particular the
case with the 70-gm#2 paper, while in the heavier paper
samples the noise level is reached rapidly. We may conclude
that addition of KNO3 has not affected the basis-weight cor-
relations. The basis-weight distributions P(m)
)N(m)/*m!N(m!), where N(m) is the number of locations
with the same basis weight, differ from Gaussians only on
the low basis-weight sides, which is most likely caused by
rounding errors in the digitization of the & radiographs.
The results of the laser-ablation measurements were ana-

lyzed by a correlation function similar to that in Eq. "7#. The
difference was that, instead of the local basis weight, we
used either the calcium or potassium atomic emission line

FIG. 2. Series of typical digitized fronts. The time step between
successive fronts is 10 s, and the width of the digitized area is 310
mm.

M. MYLLYS et al. PHYSICAL REVIEW E 64 036101

036101-4

M. Myllys et al. PRE 64, 
036101 (2001)



Phase nonlinearity in noneq. quantum fluids

Josephson: nonlinear contribution to phase dynamics from kinetic energy:  

dθ(x, t) = [a∇2θ(x, t)−
1

2m
(∇θ)2] dt +

R
2nΔx

dWθ(x)

Spatiotemporal coherence at long distances/times

⟨ψ*(x, t)ψ(x′￼, t′￼)⟩ ≈ ne− 1
2 ⟨[θ(x,t)−θ(x′￼,t′￼)]2⟩

has KPZ scaling properties



1D KPZ
log [g(1)(Δx, Δt)] ∼ ⟨[θ(x, t) − θ(x + Δx, t + Δt)]2⟩ ∼ Δt2βFKPZ (y0

Δx
Δt1/z )

log [g(1)(Δx,0)] ∼ Δx2α = Δx
log [g(1)(0,Δt)] ∼ Δt2β = Δt2/3

KPZ: 

         

         

α = 1/2
β = 1/3
z = 3/2

EW: 

       


  

α = 1/2
β = 1/4
z = 2

computed exactly by Prähofer & Spohn

M. Prähofer and H. Spohn, J. Stat. Phys. 154, 1191–1227 (2014).

 from Galilean invarianceα + z = 2



experiment KPZ 1D polaritons
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FIG. 1. KPZ physics in the phase dynamics of a 1D polariton condensate. a Snapshots
of the condensate phase evolution obtained by numerically solving Eqs. (2)-(3). The unwrapped
phase evolves in time as a growing interface. b Intensity distribution of the condensate emission
measured for P/Pth=1.1. c Sketch of the lattice together with the excitation scheme. The lattice
is excited using an elongated flat top beam. Inset: Sketch of a micropillar inner structure. A
semiconductor optical microcavity is enclosed by two Bragg mirrors. Quantum wells (QWs, red
layers) are distributed at the anti-nodes of the cavity mode (black line).
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KPZ scaling
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g(1)(Δx, Δt = 0) ∼ e−|Δx|/ℓ
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FIG. 2. Probing the coherence of 1D polariton condensates. a-b Momentum-resolved
emission spectra captured (a) below (P/Pth = 0.5) and (b) above (P/Pth = 1.1) condensation
threshold. Above threshold, the emission is peaked at the top of the highest energy S-band,
evidencing polariton condensation in a negative mass state. c Integrated emission intensity as
a function of the excitation power. The onset of the intensity nonlinear increase is observed for
Pth ⇡ 50mW. d Sketch of the experimental setup. Inset: Flat top intensity profile of the excitation
spot. e Interference pattern obtained for P/Pth = 1.13 by overlapping the condensate field E(x, t0)
with its mirror symmetric E(�x, t0) (�t = 0). The black circles locate the lattice pillars. f
Coherence map showing the value of |g(1)|, retrieved from the fringe visibility using Eq. (5), as a
function of �x and �t.
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k-dependent linewidth

The k = 0 value of the measured spectral linewidth appears to be relatively large compared

to the 22µeV nominal linewidth expected for this structure. This is most probably due to

electrostatic fluctuations in the sample during the integration time (⇠ 60 s), which induce a

spectral wandering of the emission energy through the polariton excitonic component [53].

This leads, in turn, to an inhomogeneous broadening of the polariton linewidth.
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FIG. 6. a Dispersion of the upper S-band obtained by fitting the spectrum (inset) by a lorenztian
lineshape for all wave-vectors lying in the first Brillouin zone. Red dotted line: parabolic fit of the
data points in the vicinity of k = 0. Yellow line: fit of the dispersion using a nonlinear regression
model. b Group velocity as a function of k, computed from the data in (a). Yellow line: derivative
of the fit function in (a). c Spectral linewidth �spe as a function of k.

2. Propagation measurement

We can get a better estimate of the polariton linewidth �(k) by probing in real space

the energy resolved propagation of polaritons along the lattice, under localized excitation.

Depending on their wave-vector, polaritons travel away from the excitation spot, with a

constant group velocity |vg(k)|. Because of their finite lifetime, this propagation results

in an exponential decrease of the photoluminescence intensity along the lattice direction

(I(x)/ exp{�|x|/Lx}), as shown in Fig. 7a. Fitting this decay at di↵erent energies E(k)

allows us to retrieve the polariton linewidth �pro = vg(k)/Lx as function of k (red dots in

Fig. 7b).

This method has the advantage of being less sensitive to charge fluctuations. Indeed, po-

laritons leave the pumping area with a given initial energy E0, setting the group velocity

at which they travel. This group velocity remains constant over the whole propagation as
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Longer life time for condensate mode
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phase slips (phase-time vortices)
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FIG. 4. Analysis of the simulated phase dynamics. a Example of a phase map obtained
after subtraction of the dynamical phase, !0�t. Inset: Zoom on a V-AV pair. b Time evolution
of the unwrapped phase along x = 0 (blue line): two V-AV pairs are crossed, resulting in two
phase jumps of approximately 2⇡. The black line of panel (b) is obtained by filtering all the
vortices present in the phase map (a). c �2 log

�
|g(1)|

�
(red line) and Var [�✓VF] (symbols) as

a function of �t2/3 for �x = 0, computed over 104 realizations. The orange line is the same as
in Fig. 3a. Inset: Temporal derivative of �2 log

�
|g(1)|

�
(red line) and Var [�✓VF] (symbols) as a

function of �t, showing similar behaviour in the KPZ window. d Probability distribution of phase
fluctuations obtained at �t=50ps (blue squares) from numerical simulations. Our computation
involves 3 ⇥ 104 realizations of the noise. The first (resp. second, third, etc) peak from the left
gathers the realizations for which no jump (resp one, two, etc) has occurred before �t = 50ps.
Yellow line: Fit of the numerical data by the Tracy-Widom GOE distribution.
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Phase statistics

L. He et al.  PRL 118 085301 (2017)

2

Figure 1. (Color online) (a) Schematic phase diagram of a
generic 1D driven open condensate (DOC) with noise level σ
and rescaled non-equilibrium strength parameter λ̃/λ̃∗. The
color code stands for space-time vortex density Pv . A first
order phase transition at low noise level separates a regime
dominated by KPZ physics from a vortex turbulent (VT)
regime. At stronger noise, the first order transition line (dou-
ble line) terminates at a second order critical point (filled
black circle, cf. Figs. 3(c) and 3(d) for quantitative results).
Current exciton-polariton condensate experiments are located
within the white dashed arc. (b) A typical phase configura-
tion on the space-time plane corresponding to a phase-slip
event between t = 2 and 3. The space-time vortex core
is marked with a black dot. (c) Noise level dependence of
the space-time vortex density Pv at small non-equilibrium
strength λ̃ < λ̃∗ (vertical dashed arrow in (a)). At low
noise level, Pv ∝ e−A/σ (A a non-universal positive con-
stant) is suppressed exponentially, reflected by the linear fit
for σ−1 = 6, ..., 13. Values of other parameters used in simu-
lations are Kd = rd = ud = 1, rc = uc = 0.1, and Kc = 3. (d)
Non-equilibrium strength dependence of Pv at low noise level
with σ = 10−2, demonstrating the first order transition upon
increasing the non-equilibrium strength λ̃ (horizontal dashed
arrow in (a)). Values of other parameters used in simulations
are Kd = rd = ud = 1, Kc = 0.1, and λ̃ is tuned by changing
rc = uc from 1.0 to 3.0. See text for more details.

Low frequency effective description.– In the absence of
phase defects, the low frequency dynamics of the system
is effectively described by the KPZ equation [15] for the
phase of the condensate field, ∂tθ = D∂2xθ +

λ
2 (∂xθ)

2 +
ξ [13]. Here, D describes phase diffusion, and ξ is a Gaus-
sian white noise of strength 2σKPZ. The non-linearity λ is
a direct, single-parameter measure for the deviation from
equilibrium conditions, with λ = 0 in the presence of de-
tailed balance [13]. In order to properly account for the
compactness of the phase and to allow for a description of
phase defects, we work with a lattice regularized version
of the KPZ equation (cKPZ), which can be straightfor-
wardly derived from a spatially discretized SCGLE on a
1D lattice with spacing ∆x [22]. It reads

∂tθi =
∑

j=i±1

[

−D̄ sin (θi − θj) + λ̄ sin2
(

θi − θj
2

)]

+ ξ̄i,

(2)
with θi(t) ≡ θ(i∆x, t), ξ̄i(t) being Gaussian white noise
with ⟨ξ̄i(t)ξ̄i′ (t′)⟩ = 2σ̄KPZδ(t − t′)δii′ , D̄ = D/∆2

x,
λ̄ = λ/∆2

x, σ̄KPZ = σKPZ/∆x, where D = ucKc

ud
+Kd,λ =

2(ucKd

ud
−Kc), and σKPZ = σ u2

c+u2

d

2rdud
. The KPZ equation

is reproduced upon assuming that phase fluctuations are
small, and taking the continuum limit. The crucial differ-
ence between the non-compact continuum KPZ and the
compact KPZ equation is revealed by the number of in-
dependent scales in the problem, which originates from
the compactness of the phase. Indeed, by rescaling t, ξ,
and θ in the continuum case, there is only one tuning
parameter given by g ≡ λ(σKPZ/2D3)1/2. In contrast,
for the cKPZ equation, we can rescale t and ξ̄i but not
the phase field θi due to its compactness, resulting in two
independent tuning parameters. Rescaling amounts to
replacing D̄ → 1, λ̄ → λ̃ = λ/D, σ̄ → σ̃ = ∆xσKPZ/D in
Eq. (2). The rescaled equations with λ̃ and −λ̃ are equiv-
alent, therefore we further redefine λ̃ ≡ |λ/D|. The fact
that λ̃ and σ̃ are two independent tuning parameters sug-
gests that there must exist new physics associated with
changing each of them, beyond the physics of the KPZ
equation, where changing the nonequilibrium strength λ̃
and noise strength σ̃ are equivalent to changing the sin-
gle parameter g. Indeed, as we shall see in the following,
the noise strength is associated with a new time scale in
the 1D DOC giving rise to an additional scaling regime
in dynamical correlation functions. Moreover, the non-
equilibrium strength λ̃ can drive the system to a new
non-equilibrium vortex turbulent phase via a first order
transition at low noise level.

Space-time vortex driven crossover for λ̃/λ̃∗ < 1.–
The prime observable that distinguishes a 1D DOC
from its equilibrium counterpart [21, 26] is the auto-
correlation function Cψt (x; t1, t2) ≡ ⟨ψ∗(x, t1)ψ(x, t2)⟩.
Its long time behavior is determined by fluctuations
of the phase, Cψt (x; t1, t2) ∝ e−c∆θ(t1−t2), where
c is a non-universal constant, and ∆θ(t1 − t2) ≡
1
L

´ L
0 dx⟨[θ(x, t1)− θ(x, t2)]

2⟩ − ⟨θ(x, t1)− θ(x, t2)⟩2 [27],
with L being the spatial size of the system. Previ-
ous numerical studies [21, 26] confirmed KPZ scaling

∆θ(t1−t2) ∝ |t1 − t2|2β with β = 1/3 [28] in the regime of
weak noise, defined by the absence of space-time vortices
(cf. Fig. 1(b)) in the spatio-temporal extent of the numer-
ical experiments. Increasing the noise level leads to pro-
liferation of space-time vortices, which in turn strongly
affect the temporal coherence of DOCs as we describe in
the following.

Figure 2(a) shows ∆θ(t1 − t2) for moderate noise
strengths. For the lowest value σ = 8−1, KPZ scaling can
be observed in a wide range 5× 103 ! |t1 − t2| ! 5× 104,
after which ∆θ(t1 − t2) grows linearly with time. Ac-
cordingly, the autocorrelation function Cψt (x; t1, t2) ex-
hibits a crossover from stretched-exponential to simple
exponential decay at long times [22]. At weak noise, the
crossover time tc, defined as the point where the gradi-
ent of ∆θ(t1 − t2) on a double logarithmic scale exceeds
0.9, increases exponentially with the inverse noise level,
i.e., tc ∝ eC/σ, where C is a positive constant. This is
shown in Fig. 2(b). The fast growth of phase fluctuations
and the associated decoherence of DOCs for strong noise
and at long times is due to space-time vortices. Numeri-
cal evidence for this connection is presented in Fig. 1(c),
where a linear fit on the semi-logarithmic scale clearly
demonstrates that the space-time vortex density behaves
as Pv ∝ e−A/σ (see [22] for details on the numerical cal-
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IV. RESULTS

A. Kardar-Parisi-Zhang regime

We start by characterizing the condensate in the pa-
rameter region which is dynamically stable according to
the Bogoliubov analysis (see Fig. 1). Typical space-time
maps for the condensate density and phase are shown
in Fig. 2a,b. In order to highlight at best the fea-
tures of the dynamics, in the space-time maps the phase
is rescaled as ω(x, t) = Arg

[
ε eiωrt

]
, which amounts to

shifting the origin of the energies by an arbitrary value
⊋ϑr, suitably chosen to highlight the phase structure.
The images show a relatively smooth density profile,
with small modulations due to the noise fluctuations,
and a uniform phase front showing no dislocations. We
then calculate the space-time first-order correlation func-
tion g(1)(!x,!t) by averaging over the trajectories ob-
tained for independent noise realizations. The results are
shown in Fig. 2c,d. The KPZ universal scaling clearly
emerges in the g(1) correlations in the space-time plane
when plotting the rescaled correlator g(EP)(!x,!t) =
→2C→1

0 !t→2ε log |g(1)(!x,!t)|, with ϖ = 1/3 the KPZ
critical exponent and C0 a normalisation constant. In-
deed, owing to the expression (8), g(EP) is expected to
depend not on space and time independently, but only
on the ratio (the scaling variable) !x/!t1/z. This is
manifest in the density plot as parallel level lines of slope
!t ↑ !x3/2, and is also confirmed by the data collapse
onto a single curve given by the exact KPZ scaling func-
tion g(KPZ) [29].

B. Soliton-patterned regime

We now analyze the dynamics of the exciton-polariton
condensate in the parameter region which is dynamically
unstable according to the linear Bogoliubov analysis (see
Fig. 1), focusing on the low-noise regime ϱ ↓ ϱ0. We
find that the dynamical instability found in the linearized
equations of motion within the Bogoliubov approxima-
tion favors the emergence of spatial modulations that
are then hampered at the nonlinear level, leading to a
patterned regime with a stationary average density lower
than in the KPZ regime.

The space-time maps for the density and phase of a
typical trajectory are shown in Fig. 3. At di!erence
with the KPZ regime, we observe the nucleation and
proliferation of long-lived, spatially localized structures
characterized by density dips and ↔ ς phase jumps,
which dominate the long-time dynamics. We refer to
them as dark solitons, in analogy to the corresponding
structures which emerge in the solution of the non-linear
Schrödinger equation in closed quantum systems.

In order to determine the parameter region where soli-
tons emerge, we follow the space and time average of the
density profile ↗φ̄↘ and of the soliton density ↗ns↘, shown
in Fig. 4. The soliton regime, with ↗ns↘ > 0, is charac-

FIG. 2. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ω0) and for the rescaled phase
ε(x, t) = Arg

[
ϑ(x, t)eiωrt

]
in the KPZ regime. The values

of the parameters are µth = 0.1 meV, p = 1.15, ϖ = 0.1ϖ0.
⊋ϱr = 0.9µth. Bottom: scaling behavior in the KPZ regime.
(c) Rescaled correlator g(EP ) (defined in text) with ς = 1/3
and C0 = 0.00018. The KPZ dynamical scaling exponent
z = 3/2 can be read o! from the slope of the iso-correlation
lines !t → !xz. (d) Collapse of the data onto the KPZ uni-
versal scaling function g(KPZ). The non-universal constants
C0 and φ0 = 2.2 are determined numerically to fit g(KPZ).
The parameters are µ = 0.1 meV, p = 1.15, ϖ = 0.1ϖ0. The
data are obtained by averaging over 1000 independent noise
realizations.

terized by a strongly reduced density. The information
displayed by both indicators is consistent, and globally
reflects the picture obtained from the Bogoliubov stabil-
ity analysis. The Bogoliubov stability diagram thus pro-
vides a qualitative determination of the phase boundary
of the soliton regime in the (µth, p) plane.

Yet, the data from direct numerical simulations ex-
hibits two additional features: i) the soliton-free region
is reduced at low pump values compared to the Bogoli-
ubov instability boundary; ii) the density of dark soli-
tons is strongly dependent on the pump power. This
feature was also reported in [15]. The e!ect i) is due
to a renormalization by the pump power of the rela-
tive noise amplitude as ϱ/|ε|2 ≃ ϱ/(p → 1), which be-
comes large at low pump powers, undermining the va-
lidity of the Bogoliubov approximation. This increase
of the e!ective noise amplitude at small p promotes the
random activation of soliton-like defects, which thus leads
to a larger density of solitons. The second feature ii) is
connected to the appearance, together with solitons, of
two typical length scales ds and Ls, which can be inter-
preted as the typical spacing and size of solitons respec-
tively. They are both found to depend on the pump as
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FIG. 3. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ω0) and for the rescaled phase
ε(x, t) = Arg

[
ϑ(x, t) eiωrt

]
in the soliton-patterned regime.

The parameters are µth = 0.29 meV, p = 1.25, ϖ = 0.1ϖ0.
⊋ϱr = →10µth. (c) Rescaled correlator g(EP ) (defined in
text) with ς = 1 and C0 = 4.05 · 10→5. The plot is cut at
!x/a = 100. (d) collapse of the data, achieved with φ = 1
and z = 1. The function g(sol)(y) = 1 + y2, is plotted as a
guide, with fitting parameters C0 and ↼0 = 24.15. The pa-
rameters are µ = 0.6 meV, p = 1.5, ϖ = 0.1ϖ0.

ds, Ls → 1/
↑
p↓ 1 (see Appendix A). They thus a!ect

the total density of solitons which can approximately be
estimated as ns = 1/(Ls + ds) ↔

↑
p↓ 1.

The space-time first-order correlation function for the
soliton-patterned regime is shown in Fig. 3. We find
that it approximately corresponds to a Gaussian decay in
space-time as g(1)(!x,!t) → e→(a!t2+b!x2). The coher-
ence decay hence endows a scaling form, with the scaling
variable y = y0x/t1/z and exponents ω = ε = 1, and thus
a dynamical exponent z = 1, yielding a data collapse ac-
cording to

↓2log|g(1)(!x,!t)| = C(sol)
0 !t2g(sol)

(
ϑ(sol)
0

!x

!t

)
(13)

with g(sol)(y) = 1 + y2 and C(sol)
0 ,ϑ(sol)

0 normalization
constants. We remark however that the window of spa-
tial and temporal coherence of the condensate is smaller
than the one in the KPZ regime (notice the di!erent hor-
izontal scale as compared to Fig. 2). The spatial coher-
ence is limited by the typical spacing between solitons ds.
Let us mention that the scaling z = 1 was also recently
observed in studies of the inviscid, or tensionless, limit
of the KPZ equation [31–33]. The potential connection
between the two systems is intriguing and would deserve
further theoretical investigation.

FIG. 4. (Color online) (a) Average density of the condensate
and (b) density of solitons (right panel) in the (µth, p) plane
(note the inversion of the color scheme). The results are ob-
tained by averaging over 100 independent trajectories starting
from a sampling time t = 50000 ps, su!cient to exceed the
time needed for the instability to be activated, when present,
and for the soliton-patterned regime to fully develop, and then
averaged over the subsequent time interval !t = 5000 ps. The
noise is ϖ = 0.1ϖ0. The dashed line corresponds to the limit
of modulational instability determined within the Bogoliubov
analysis (see Fig. 1). Bottom: momentum distribution n(k)
(in units of ω0) as a function of the momentum k (in units of
ω0), for (c) fixed p and (d) fixed µth. In (d) the momenta are
rescaled with the pump as k̂ = k/

↑
p→ 1.

The presence of solitons is also clearly detectable in
the momentum distribution n(k), defined by Eq. (9),
which is displayed in Fig. 4. One observes that two
scales appear. They can be identified as k1 → d→1

s and
k2 → L→1

s , the typical spacing and size of solitons. For
k < k1, the momentum distribution is k-independent,
due to the loss of long-range first-order coherence. In
the region k1 < k < k2, we observe a power law decay
nk → k→ω with ϑ a non-universal exponent in the range
6 ↭ ϑ ↭ 7. Similar decays were reported in [21, 27]. This
behaviour is well marked at high pump power. Finally,
for k > k2 the momentum distribution exhibits a power
law decay nk → k→2. This decay is determined by the
microscopic details of the model (1), and in particular
can be related to the quadratic growth of the polaritons
linewidth ϖ(k) = ϖ0 + ϖ2k2. It thus has a very di!erent
origin from the one predicted by [34] in the context of
non-thermal Bose gases.

To further characterize the scaling range where the mo-
mentum distribution displays the k→ω decay, we show in
Fig. 4 the data of n(k) for di!erent µth at fixed p (left
panel) and for di!erent p at fixed µth (right panel). In the
latter, the momentum is rescaled as k ↗ k̂ = k/

↑
p↓ 1,

which yields a very good horizontal collapse of the curves

dyn. instability
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at intermediate wavevectors. This shows that the two
scales k1 and k2 are independent of µth, and depend on
the pump power with as → 1/

↑
p↓ 1. The appearance of

the power-law scaling n(k) ↔ k→ω with a large power-law
exponent 6 ↗ ω ↗ 7 is a clear and robust signature of the
soliton regime, which can be used to detect this phase.

C. Disordered vortex regime

We now focus on the e!ect of increasing the noise
strength starting from the soliton-free region of the phase
diagram where the system exhibits KPZ universal fea-
tures. We show in Fig. 5 a typical space-time map ob-
tained at large noise ε = 5ε0. In this case the phase
map displays a high density of phase slips, or space-time
vortices, appearing as fork-like in the (x, t) plane.

In order to characterize the activation of these defects,
we investigate the behavior of the defect density ↘nv≃
when varying the noise strength and the pump power.
The results are shown in Fig. 6 as a function of the
rescaled noise ε/ϑ0 → ε/(p↓1). Indeed, this specific com-
bination enters the e!ective noise D in the KPZ equation
(5) and hence is the relevant parameter for the stochas-
tic dynamics of the phase. For high rescaled noise values,
the density of vortices displays an exponential behavior
↘nv≃ → exp

[
↓A(p→1)ε0

ε

]
, where A is a constant which

depends on the other parameters of the model, consis-
tently with the results of Ref. [27] where noise-activated
space-time vortices were first reported.

This feature is progressively lost upon decreasing the
noise. Below a certain value, indicated with a dashed
line in both left and right panels of Fig. 6, the noise
and pump e!ects decouple and ↘nv≃ departs from the
exponential law. We observe that as the pump is fur-
ther increased, the density of noise-activated defects sta-
bilizes, the density dips lasting longer in time, and the de-
fects progressively deforming into longer-lived structures.
Their shape is somewhat between vortices and solitons.
This feature is also visible in the momentum distribu-
tion, as shown in Fig. 7. At low pump, the activation
of defects at increased noise translates into plateaus at
low momenta, corresponding to a coherence loss beyond
the average vortex separation length. At higher pump,
we observe a modulation at intermediate momenta, sig-
nature of long-lived defects.

We then determine the first-order correlation function
in order to characterize the space-time coherence of the
exciton-polariton condensate in the vortex phase. In the
presence of topological defects, the validity of the re-
lation (7) connecting the coherence of the condensate
g(1)(!x,!t) to the phase correlations Cϑ(!x,!t) even-
tually fails. Indeed, in g(1)(!x,!t) the phase di!erences
only enter in the complex exponential, hence the infor-
mation about ⇐ 2ϖ phase jumps is lost, whereas in the
unwrapped phase correlations, these phase jumps have a
strong e!ect and dominate the scaling. This feature is
visible when the temporal coherence of g(EP)(!x,!t) =

FIG. 5. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ω0) and for the rescaled phase
ε(x, t) = Arg

[
ϑ(x, t) eiωrt

]
in the disordered-vortex regime.

The parameters are µth = 0.1 meV, p = 1.15, ϖ = 5ϖ0,
ϱr = 0. In the zoomed window, two spatio-temporal vortices
of opposite charge are identified.

FIG. 6. (Color online) (a) Vortex density →nv↑ in the (p,ϖ)
plane. (b) Data for →nv↑ plotted as a function of (p↓ 1)ϖ0/ϖ,
to evidence its dependence in this combination. The colors
represent fixed pump values (increasing from light to dark).
The solid line is the exponential fit →nv↑ = n0 e

→A
(p→1)ω0

ω , with
n0 = 0.012, A = 63. A dashed line is plotted in both panels
at the limit of validity of the collapse on this exponential
behavior, here (p↓ 1)ϖ0/ϖ = 0.028.

↓2!t→2ϖ log |g(1)(!x,!t)| and of the phase-phase cor-
relations are compared for a low value of the pump, as
shown in the left panel of Fig. 8. The two correlation
functions di!er for time intervals larger than tc, such that
Cϑ(!t > tc) > ↓2 log |g(1)|(!t > tc). Thus at low pump,
as a result of this resilience of the coherence to 2ϖ phase
jumps, the KPZ scaling in the coherence persists in the
presence of vortices. This is due to the fact that the phase
dynamics is piece-wise KPZ, i.e. the phase fluctuations
grow according to the KPZ dynamics within two defects.

large noise
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FIG. 9. (Color online) (a,b,c) Simulated evolution of the con-
densate density ω (units of ω0), phase ε = Arg

[
ϑ eiωrt

]
and

reservoir density nR (in units of nR0 = ϖ0/R), compared with
(d,e,f) a simulation with the same parameters but implement-
ing the adiabatic approximation for the reservoir. The param-
eters are p = 1.68, ϱ = ϱ0, µth = 0.1 meV, ⊋ςr = 0.1µth.

of this procedure in the whole (p,ω) plane is displayed
in the right panel of Fig. 11. We observe that the de-
parture from the KPZ phase when increasing the pump
intensity is only weakly dependent on the noise strength.
We emphasize that a similar observation of the shrinking
of the KPZ window as the pump power is increased was
reported in Ref. [10], both from experimental measure-
ments and numerical simulations.

In light of this analysis, let us come back to the be-
havior of the vortex density and momentum distribution
in the (p,ω) plane discussed in Sec. IV C. In fact, we
find that at high pump power, as the reservoir dynamics
becomes important, the noise fluctuations can activate
sparse long-lived solitons. These structures are responsi-
ble for the convergence of the computed vortex density
to a small but non-zero value visible in Fig.6 on the right
side of the dashed lines, and also to the corresponding
modulation in the momentum distribution of Fig. 7 at
high pump. We hence attribute these two e!ects to the
role of the reservoir. Finally, let us mention that the
space-time maps in this regime are similar to those re-
ported in Ref. [15] under the label of non-adiabatic insta-
bility, although the model and parameters studied in this

FIG. 10. (Color online) Temporal coherence decay for two
values of the pump p = 1.16 and p = 1.68 at ϱ = 1.0, µth =
0.1 meV, computed from the general case without adiabatic
approximation (solid line), i.e the coupled Eqs. 1, 2, and
from its adiabatic approximation (dashdot line). The black
line serves as a guide to show the KPZ scaling φ = 1/3.

FIG. 11. (Color online) (a) Behavior of the temporal coher-
ence decay at di!erent values of the pump (from p = 1.05,
yellow, to p = 2.0, dark brown ) with ϱ = 1. (b) Temporal
window of KPZ scaling !T (KPZ) (see text). The black dotted
line corresponds to !T (KPZ) = 200 ps.

reference are di!erent from ours and cannot be directly
compared.

E. Phase Diagram

Our analysis is summarized in Fig. 12, displaying a
three-dimensional schematic phase diagram at varying
pump, noise and interaction strengths, which collects at
a glance our results of Figs. 4.b, 6.a and 16. The diagram
shows the transition from the KPZ phase to the soliton
phase at increasing µth, and the crossovers to the vortex-
disordered phase at increasing ω, and to the reservoir-
textured phase at increasing p, monitored by following
the soliton and vortex densities, and the size of the KPZ
window in time.

For the experimentally realistic model given by the
coupled Eqs.(1) and (2), we highlight the existence of
two new regimes in addition to the vortex one pointed
out in [27], respectively characterized by the presence of
solitons or reservoir-induced textures.

We also compare in Fig. 13 the momentum distribution
in the four regimes. In the KPZ and reservoir-textured
regimes, the momentum distribution scales as k→2 at in-

Reservoir textured

far from adiabatic
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⟨(θ(x) − θ(0))2⟩ ∼ ln |x |

    ⇒ ⟨ψ*(x, t)ψ(0,t)⟩ ≈ ne− 1
2 ⟨[θ(x,t)−θ(0,t)]2⟩ ∼ |x |−α

in the absence of vortices

equal time

equal space

⟨(θ(x, t) − θ(x,0))2⟩ ∼ log( t)

    ⇒ ⟨ψ*(x, t)ψ(x,0)⟩ ≈ ne− 1
2 ⟨[θ(x,t)−θ(x,0)]2⟩ ∼ | t |−α/2



noneq BKT

and their binding into close vortex-antivortex pairs at larger
pump powers, is illustrated in Fig. 2. Here, the 2D maps
show the phase of the filtered OPO signal ψ sðr; tÞ (photonic
component) for a single noise realization at increasing
values of the pump power fp in a narrow region close to the
mean-field OPO threshold fthp ; the position of the generated
vortices (antivortices) is marked with black (red) dots.
While at lower pump powers there is a dense “plasma” of
V’s and AV’s, the number of V’s and AV’s decreases with
increasing pump powers till eventually disappearing alto-
gether (not shown). Note that, as discussed in detail in
Ref. [35], due to our momentum filtering procedure we do
not detect V-AV pairs with distance between V and AV
smaller than 2.7 μm, i.e., we focus on free vortices and
pairs with relatively large distance between V and AV,
which are relevant for the BKT transition. We also observe
a net decrease in the distance between nearest-neighboring
vortices with opposite winding number with respect to that
between vortices with the same winding number. In order
to quantify the vortex binding across the OPO transition,
we determine, for each detected vortex, the distance to its
nearest vortex, rV-V and to its nearest antivortex rV-AV, and

similarly, for each detected antivortex, we determine
rAV-AV and rAV-V. These quantities can then be averaged
over many different realizations, as well as over individual
vortex positions, to obtain hrl−mi (l, m ¼ V, AV). We then
consider the symmetrized ratio b ¼ ðhrV-AViþ hrAV-ViÞ=
ðhrV-Viþ hrAV-AViÞ; this quantity b → 1 for an unbound
vortex plasma, while b → 0 when vortices form tightly
bound pairs. A dramatic drop in b (green squares in Fig. 3)
when increasing the pump power across the OPO threshold
indicates that vortices and antivortices are indeed binding,
as is expected for a BKT transition.
By evaluating other relevant noise-averaged observable

quantities, we are able to construct a phase diagram for the
OPO transition in Fig. 3 and link it with the properties of
the BKT transition. In particular, we calculate the averaged
signal photonic density at some time t in the steady state,
ns ¼

R
drhjψ sðr; tÞj2i=V, where V ¼ ðNaÞ2 is the system

area and h% % %i indicates the noise average for the stochastic
dynamics (blue dots in Fig. 3). The corresponding mean-
field densities for both signal (orange line) and pump (black
line) are presented for comparison in the inset of Fig. 3,
and additionally for the signal in the main panel (orange

FIG. 2. Binding-unbinding transition and vortex-antivortex
proliferation across the OPO threshold. Phase (color map) of
the filtered OPO signal ψsðr; tÞ and position of vortices (black
dots) and antivortices (red dots) for increasing values of the
pump power, in a narrow region close to the mean-field OPO
threshold fthp : (a) fp¼1.00287fthp , (b) fp¼1.01648fthp , (c) fp ¼
1.017 19fthp , and (d) fp ¼ 1.024 36fthp . We observe a dramatic
decrease of both the number of V’s and AV’s, as well as the
typical distance between Vand AV within a pair, as a function of
the increasing pump power. The filtered profiles are plotted at a
late stage of the dynamics, at which a steady state is reached.

FIG. 3. The phase diagram and the BKT transition. Inset:
Mean-field photonic OPO densities for pump nMF

p (black line)
and signal nMF

s (orange line) states as a function of increasing
pump power fp rescaled by the threshold value fthp (vertical black
dashed line). The black square at fp ≃ fthp indicates the tiny
pump strength interval close to mean-field threshold analyzed in
the main panel. Main panel: We plot with (orange) squares the
same mean-field signal density nMF

s as in the inset. All other data
are noise-averaged properties from stochastic simulations as a
function of the pump strength. The noise-averaged signal density
ns is plotted with (blue) dots, the average vortex number in the
signal rescaled by its average maximum value Nmax ¼ 222.8with
(red) diamonds, and the ratio b of noise-averaged and sym-
metrized distance between nearest-neighboring vortices of oppo-
site charge and of the same charge with (green) empty squares.
The shaded region indicates the pump region for the BKT
transition. Note that the left-hand side axis label applies to data
marked by orange squares and blue dots, while the right-hand
side axis label applies to data marked by red diamonds and green
empty squares.
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squares). At mean-field level, both signal and idler (not
shown) suddenly switch on at the OPO threshold pump
power, fp ¼ fthp , and both states are macroscopically
occupied above threshold. The effect of fluctuations is to
smoothen the sharp mean-field transition, as clearly shown
by comparing ns with nMF

s densities in Fig. 3. This is
because, even below the mean-field threshold, incoherent
fluctuations weakly populate the signal. Note also that,
even though somewhat smoothened, we can still appreciate
a kink in the ns density, but at higher values of the pump
power compared to the mean-field threshold fthp .
Although defining precisely the position of the critical

point in any numerical or experimental study of a finite size
system is difficult (see Ref. [35] for more discussion), the
behavior of several observables suggests that the critical
point for the novel nonequilibrium BKT transition is
somewhere around this kink. While this location is further
supported by a sudden decrease of the averaged number of
detectable vortices in the signal (red diamonds) and of the
averaged relative distance b between nearest-neighboring
vortices of opposite or same winding number (green
squares), the final evidence is offered by the qualitative
change in the functional form of the first-order spatial
coherence (discussed in the next section) concomitant with
the observed kink for ns, its long-distance decay changes
from an exponential to a power-law form.
These results suggest that the system undergoes a phase

transition analogous to the equilibrium BKT transition.
Both vortices and antivortices proliferate below some
threshold and, above, they bind to eventually disappear
altogether. As indicated by the black square in the inset of
Fig. 3, the region for such a crossover is indeed narrow in
the pump strength, and so a high degree of fine-tuning and
control is required in experiments to stay in this regime.
Note, however, that as shown in Fig. 3 and further
discussed in Ref. [35], this region is no longer so narrow
when plotted as a function of the signal polariton density,
which changes by an order of magnitude (from 2 to 20
photons per μm2), and should be experimentally accessible
from a standard measurement of the photoluminescence
intensity.

IV. FIRST-ORDER SPATIAL CORRELATIONS

For systems in thermal equilibrium, the BKT transition is
associated with the onset of quasi-off-diagonal long-range
order, i.e., with the algebraic decay of the first-order
correlation function in the ordered phase, where vortices
are bound, and exponential decay in the disordered phase,
where free vortices do proliferate. In order to investigate
whether the same physics applies to the out-of-equilibrium
open-dissipative system, we evaluate the signal first-order
correlation function gð1ÞðrÞ according to the prescription of
Eq. (3), and characterize its long-range behavior in Fig. 4.
We observe the ordering transition as a crossover in the

long-distance behavior between an exponential decay in the
disordered phase, gð1ÞðrÞ ∼ e−r=ξ, and an algebraic decay in
the quasiordered phase, gð1ÞðrÞ ∼ ðr=r0Þ−α. We therefore
fit the tail of the calculated correlation function to both of
these functional forms, and find that at the onset of vortex
binding-unbinding and proliferation the signal’s spatial
correlation function changes its long-range nature from
exponential at lower pump powers to algebraic at higher
pump powers (see Fig. 4).
However, in contrast to the thermal equilibrium case,

we do obtain that the exponent α of the power-law decay
(inset of Fig. 4) can exceed the equilibrium upper bound
of 1=4 [4], and can reach values as high as α≃ 1.2 for
fp=fthp ¼ 1.0136, just within the ordered phase. The
dependence of α on the system size [35] confirms that its
large value is indeed a consequence of the nonequilibrium
condition and not an artifact of the finite size of the
numerical box. Further, as thoroughly discussed in
Ref. [35], it is interesting to note that, close to the transition,
we do record a critical slowing-down of the dynamics: Here,
the convergence to a steady state is dramatically slowed

FIG. 4. Algebraic and exponential decay of the first-order
correlation function across the BKT transition. Main panel:
Long-range spatial dependence of gð1ÞðrÞ for different pump
powers fp=fthp close to the mean-field pump threshold (the
symbols are the same ones as in the inset and correspond to
the same values of fp=fthp ). Thick solid (thick dashed) lines
are power-law (exponential) fitting, from which values of the
exponent α are derived. The fp=fthp ¼ 1.0129 case (orange
squares) is a marginal case where both algebraic and exponential
fits apply almost equally well, signaling the BKT transition
region. Inset: Power-law algebraic decay exponent α for different
pump powers fp=fthp ; error bars are standard deviations of the
time-average.
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g(1) ∼ r−α

g(1) ∼ e−r/ℓc



2D KPZ
Correlations from power law (equilibrium)  
to stretched exponential

KPZ: 

         

         

α ≈ 0.39
β ≈ 0.24
z ≈ 1.61

g(1)(r) ∼ exp(−rα)

eq.
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FIG. 2. RG flow lines as described by Eqs. (52). Dashed line:
λ = 0, KT flow; solid line: λ2/D2 = 0.4.

in the thermodynamic limit regardless of the bare temperature.
However, the finite-size scaling behavior is nontrivial. If λ is
not too small, the distinction from the KT scaling behavior
is already apparent at reasonable system sizes: rather than
converging to a universal step at a critical T , the step is seen
to be receding toward zero temperature.

Note that in Fig. 3 we are plotting the product of the
renormalized dielectric constant ε with the microscopic or bare
value of the effective vortex temperature T . In experiments,
the microscopic value of T will be known as it is directly
controlled by tuning the pump power as explained above. On
the other hand, the inverse dielectric constant corresponds to
the superfluid stiffness. A macroscopic measurement of the
stiffness can be implemented, as discussed above, by imposing
a vortex at the origin and measuring the decay of the physical
current at a long distance R from it. This will give the fully
renormalized value of ε−1.

In exciton-polariton condensates, vortices can be imprinted
both under conditions of coherent [40,94] and incoherent
pumping [95]. For a scheme to measure the current, see
Ref. [42]. From the current, the response function (4) and
hence the superfluid density can be reconstructed.

Another signature of the unbinding of vortices is the
suppression of algebraic order on scales beyond the phase
boundary of the finite-size phase diagram in Fig. 1. On larger
scales, we expect correlations to decay rapidly due to the
dephasing that is caused by vortices. In thermal equilibrium,
the decay of correlations in the high-temperature phase above
the KT transition can be shown to be exponential by means of
a high-temperature expansion [96] which, however, cannot be
generalized straightforwardly to the strong noise limit under
nonequilibrium conditions. Still, it is reasonable to assume
that the form of the decay of correlations due to vortices is
still exponential for finite values of λ. The main challenge for
observing the suppression of algebraic order experimentally
with exciton-polaritons is due to the large length scale at
which it is expected to occur; note, however, that generically
the phase boundary in the finite-size phase diagram Fig. 1 is
well below L∗, making the observation of the destruction of
order more promising than originally anticipated based on a
treatment that neglected vortices [8]. The precise location of
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FIG. 3. Renormalized dilectric constant in a finite-size system,
obtained by integrating the RG flow equations (52). (a) 2D superfluid
in thermal equilibrium, i.e., with λ = 0. From top to bottom, the lines
correspond to increasing system sizes. l = 2,3, . . . ,8,∞ denotes
the logarithmic system size l = ln(L/a). In the thermodynamic
limit, the dielectric constant undergoes a discontinuous jump at the
critical temperature from zero to the universal value 1/(εT ) = 4.
(b) Nonequilibrium RG flow with λ2/D2 = 0.15. The qualitative
behavior of 1/(εT ) closely resembles the equilibrium one of panel
(a) up to moderate system sizes. For small values of λ/D, the
agreement is even quantitative, and in finite-size systems equilibrium
and driven-dissipative cases are practically indistinguishable. The
nonequilibrium character of the underlying dynamics becomes man-
ifest only in the thermodynamic limit, when 1/(εT ) is renormalized
to zero. In both panels, T is the bare value of the temperature, while
ε is the renormalized dielectric constant.

the phase boundary is controlled by the parameter lambda.
As discussed in Ref. [8], in incoherently pumped systems
this parameter is typically small, which was also assumed
in our treatment. Quite intuitively, for this parameter to
become sizable, one should use a cavity of lower quality, thus
making polaritons short-lived and hindering thermalization.
We can obtain a rough estimate of the location of the phase
boundary based on the relations between the parameters in
a more microscopic model of lower polaritons coupled to a
high-energy near excitonic reservoir [92] and the parameters
of the KPZ equation derived in Ref. [8]. These relations lead
to the following expressions for the (absolute value of) λ/D
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FIG. 2. RG flow lines as described by Eqs. (52). Dashed line:
λ = 0, KT flow; solid line: λ2/D2 = 0.4.

in the thermodynamic limit regardless of the bare temperature.
However, the finite-size scaling behavior is nontrivial. If λ is
not too small, the distinction from the KT scaling behavior
is already apparent at reasonable system sizes: rather than
converging to a universal step at a critical T , the step is seen
to be receding toward zero temperature.

Note that in Fig. 3 we are plotting the product of the
renormalized dielectric constant ε with the microscopic or bare
value of the effective vortex temperature T . In experiments,
the microscopic value of T will be known as it is directly
controlled by tuning the pump power as explained above. On
the other hand, the inverse dielectric constant corresponds to
the superfluid stiffness. A macroscopic measurement of the
stiffness can be implemented, as discussed above, by imposing
a vortex at the origin and measuring the decay of the physical
current at a long distance R from it. This will give the fully
renormalized value of ε−1.

In exciton-polariton condensates, vortices can be imprinted
both under conditions of coherent [40,94] and incoherent
pumping [95]. For a scheme to measure the current, see
Ref. [42]. From the current, the response function (4) and
hence the superfluid density can be reconstructed.

Another signature of the unbinding of vortices is the
suppression of algebraic order on scales beyond the phase
boundary of the finite-size phase diagram in Fig. 1. On larger
scales, we expect correlations to decay rapidly due to the
dephasing that is caused by vortices. In thermal equilibrium,
the decay of correlations in the high-temperature phase above
the KT transition can be shown to be exponential by means of
a high-temperature expansion [96] which, however, cannot be
generalized straightforwardly to the strong noise limit under
nonequilibrium conditions. Still, it is reasonable to assume
that the form of the decay of correlations due to vortices is
still exponential for finite values of λ. The main challenge for
observing the suppression of algebraic order experimentally
with exciton-polaritons is due to the large length scale at
which it is expected to occur; note, however, that generically
the phase boundary in the finite-size phase diagram Fig. 1 is
well below L∗, making the observation of the destruction of
order more promising than originally anticipated based on a
treatment that neglected vortices [8]. The precise location of
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FIG. 3. Renormalized dilectric constant in a finite-size system,
obtained by integrating the RG flow equations (52). (a) 2D superfluid
in thermal equilibrium, i.e., with λ = 0. From top to bottom, the lines
correspond to increasing system sizes. l = 2,3, . . . ,8,∞ denotes
the logarithmic system size l = ln(L/a). In the thermodynamic
limit, the dielectric constant undergoes a discontinuous jump at the
critical temperature from zero to the universal value 1/(εT ) = 4.
(b) Nonequilibrium RG flow with λ2/D2 = 0.15. The qualitative
behavior of 1/(εT ) closely resembles the equilibrium one of panel
(a) up to moderate system sizes. For small values of λ/D, the
agreement is even quantitative, and in finite-size systems equilibrium
and driven-dissipative cases are practically indistinguishable. The
nonequilibrium character of the underlying dynamics becomes man-
ifest only in the thermodynamic limit, when 1/(εT ) is renormalized
to zero. In both panels, T is the bare value of the temperature, while
ε is the renormalized dielectric constant.

the phase boundary is controlled by the parameter lambda.
As discussed in Ref. [8], in incoherently pumped systems
this parameter is typically small, which was also assumed
in our treatment. Quite intuitively, for this parameter to
become sizable, one should use a cavity of lower quality, thus
making polaritons short-lived and hindering thermalization.
We can obtain a rough estimate of the location of the phase
boundary based on the relations between the parameters in
a more microscopic model of lower polaritons coupled to a
high-energy near excitonic reservoir [92] and the parameters
of the KPZ equation derived in Ref. [8]. These relations lead
to the following expressions for the (absolute value of) λ/D
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Fig. 1 Polariton square lattice characteristics. a, Atomic force microscope (AFM) image of
the microcavity patterned into a square lattice. The white box shows the unit cell spanned by the
lattice vectors a1 and a2. b, Real–space PL spectrum of the polariton lattice showing the s– and
p–band at (pr → P/Pth = 0.2) and (pr = 1.1), indicating occupation of single energy state above Pth.
c, Band structure (far field) of the square lattice along a high symmetry path for pr = 0.2. The inset
highlights the M–points in an isoenergy cut at Ecut = 1.4474 eV. d, Excitation power dependent
nonlinear increase of emission from the M–point accompanied by a reduction in linewidth, revealing
polariton condensation. e, M–point condensate at pr = 1.1 illustrating the macroscopic occupation
of negative–e!ective–mass state.

Slightly above threshold, the system exhibits a strong nonlinearity, where small
variations in input power lead to large changes in output intensity (Figure 1d). As a
result, even minor drifts in excitation power during an interferometric scan can sig-
nificantly a!ect the measured g(1) (Figure 2c). To mitigate this e!ect, we perform a
power–dependent series at each ”t, measuring g(1) for a range of input powers and
interpolate the result to a constant output intensity. This procedure ensures that
fluctuations in the measured coherence arise from the intrinsic dynamics rather than
power drift. Further details are provided in the supplementary information. A repre-
sentative map of interpolated g(1)(”r,”t) at pr = 1.061 for the square lattice is shown
in Figure 2d.
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Fig. 3 2D KPZ Universal scaling. a and b, Collapse of the rescaled experimental correlation data
onto the numerically simulated 2D KPZ universal scaling function (cyan). The collapse of the data
is a hallmark of the KPZ universal scaling behaviour. The data outside the ±3ω confidence window
is plotted in grey (→–marker). The inset shows the region of g(1)(!r,!t) that fits the KPZ scaling
function. The data outside the confidence window is hatched grey in the inset. a, Scaling collapse of
the square lattice s–band M–point condensate at pr = 1.061. b, Scaling collapse of the triangular
lattice p–band ”–point condensate at pr = 1.079. c and d, Fitted scaling exponents ε and ϑ. The
insets on top are equivalent to a and b. c, Scaling exponents for the s–band M–point condensate
of the square lattice with pr = P/Pth. The two insets at di#erent excitation powers demonstrate
the shrinking of the KPZ scaling region in the 2D g(1)(!r,!t) map. d, Scaling exponents for the
triangular lattice p–band ”–point condensate. It is to be noted that the accessible power range for
the triangular lattice is smaller than for the square lattice.

Several compelling directions are now within reach. While our current investiga-
tions focus on the regime near the condensation threshold — where KPZ physics
governs long–distance correlations — exploring deeper into the condensed phase or
at a higher noise level will allow us to resolve the dynamics of vortex defects. These
topological excitations are expected to interplay with both nonequilibrium KPZ and
equilibrium BKT physics [27, 34, 39, 40], o!ering a path to chart the full phase
diagram and scaling regimes of two–dimensional driven open quantum systems. In
addition, the tunability of our lattice platform o!ers the opportunity to engineer

9

a

Fig. 2 Experimental access to the first order correlation function. a, Top: Quantum
well emission excited by the flat top laser spot. Bottom: Simplified sketch of the experimental
setup. b, Left: Interferogram at pr = 1.061 showing fringes that exhibit a carrier wave modulation
in the coherent part, at the temporal autocorrelation point !t = 0 in the 2D square lattice M–
point condensate. Right: First order correlation function g(1)(!r,!t = 0) obtained for the same
interferogram. c, Variation of g(1)(!r,!t) at (left) (!t = 0) and (right) (!r = a/

→
2) with input

powers slightly above Pth. d, Spatiotemporal map of interpolated g(1) at constant output power
pr = 1.061.

Universal Scaling

We demonstrate KPZ universality by the scaling collapse of the coherence data onto
the universal scaling function obtained from a direct simulation of the KPZ equation
(3) (see methods section). The collapse of the data onto the scaling function described
by (4) provides strong evidence of KPZ universality, as it not only takes into account
the scaling exponents but also the form of the scaling function.

Therefore, we plot the rescaled coherence function → log
(
g(1)(!r,!t)

)
· !t→2ω

against !r · !t→ω/ε following the scaling form in (4). The two non–universal pref-
actors, A and B, allow for vertical and horizontal shifts of the scaling function and
are fitted using orthogonal distance regression (ODR) across the full dataset in !r
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Fig. 3 2D KPZ Universal scaling. a and b, Collapse of the rescaled experimental correlation data
onto the numerically simulated 2D KPZ universal scaling function (cyan). The collapse of the data
is a hallmark of the KPZ universal scaling behaviour. The data outside the ±3ω confidence window
is plotted in grey (→–marker). The inset shows the region of g(1)(!r,!t) that fits the KPZ scaling
function. The data outside the confidence window is hatched grey in the inset. a, Scaling collapse of
the square lattice s–band M–point condensate at pr = 1.061. b, Scaling collapse of the triangular
lattice p–band ”–point condensate at pr = 1.079. c and d, Fitted scaling exponents ε and ϑ. The
insets on top are equivalent to a and b. c, Scaling exponents for the s–band M–point condensate
of the square lattice with pr = P/Pth. The two insets at di#erent excitation powers demonstrate
the shrinking of the KPZ scaling region in the 2D g(1)(!r,!t) map. d, Scaling exponents for the
triangular lattice p–band ”–point condensate. It is to be noted that the accessible power range for
the triangular lattice is smaller than for the square lattice.

Several compelling directions are now within reach. While our current investiga-
tions focus on the regime near the condensation threshold — where KPZ physics
governs long–distance correlations — exploring deeper into the condensed phase or
at a higher noise level will allow us to resolve the dynamics of vortex defects. These
topological excitations are expected to interplay with both nonequilibrium KPZ and
equilibrium BKT physics [27, 34, 39, 40], o!ering a path to chart the full phase
diagram and scaling regimes of two–dimensional driven open quantum systems. In
addition, the tunability of our lattice platform o!ers the opportunity to engineer
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Summary

• Condensates of light are well described by stochastic dissipative classical 
field models


• (Weak) phase fluctuations are in the KPZ universality class, but of of 
compact variable


• Topics not covered here: nonhermitian physics, topology, superfluidity, 
analog Hawking, blockade physics 
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